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Abstract. We derive local boundedness estimates for weak solutions of a large class of second 
order quasilinear equations. The structural assumptions imposed on an equation in the class allow 
vanishing of the quadratic form associated with its principal part and require no smoothness of 
its coefficients. The class includes second order linear elliptic equations as studied in |GT] and 
second order subelliptic linear equations as in |SWll 2]. Our results also extend ones obtained by 
J. Serrin [S] concerning local boundedness of weak solutions of quasilinear elliptic equations. 

1. Introduction 

The main purpose of this paper is to prove local boundedness of weak solutions u of rough 
subelliptic quasilinear equations of the form 

(1.1) div(A(x,u, Vu)) = B (x, u, Vit) 

in an open set C R™. Further regularity results will be studied in a sequel to this paper. We 
will assume that the vector-valued function A and the scalar function B satisfy specific structural 
restrictions on their size, but not on their smoothness, relative to a symmetric nonnegative semi- 
definite matrix Q(x). Thus the quadratic form Q(x,£) = (Q(x)£,£), £ G R n , may vanish when 
^ 0. 

More precisely, given p and an n x n matrix Q with 1 < p < oo and \Q\ G L P ^(Q), our weak 
solutions are pairs (u,Vu) belonging to an appropriate Banach space Wg P (f2). As described in 

[SW2j . Wq P (Q) is obtained via isomorphism from the degenerate Sobolev space Wq' p (0) defined 
to be the completion with respect to the norm 



X2) 



u\ p dx + / Q(x,X7u)2dx 
i J n 

hp 



of the class of functions in Lip loc (r2) with finite Wq (ft) norm. We will give some further discussion 
about these Banach spaces below. The structural conditions which we assume are that there exists 
a vector A(x, z,£), G x R x R™, with values in R n , such that for a.e. x G O and all 

(z,0 G R x R", 



(1.3) 



(i) A(x, z, = y/Q(x)A(x, z, 0, 

(ii) i-A{x, Zl i)>a- l ^Q{x)i V -h\z^-g 



(in) A(x,z,£) 
(iv) B(x,z,C) 



< a 

< c 



p-i 



s/W)t +b\z\"<- 1 + e, 



VW)t +d\z\ 5 - 1 + f, 
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where a, 7, if), 5 > 1 are constants, and b,c,d,e, f,g,h are nonnegative functions of x. In fact, 
when dealing with a particular weak solution (u, Vu), it will be enough to assume that parts (ii), 
(iii) and (iv) of (|1.3p hold with z and £ replaced by u(x) and V«(x) respectively. 

The sizes of 7, ^ and 6 will be further restricted in terms of p and a natural "Sobolev gain 
factor" a > 1 to be described below in (jl . 13|) . while the functions b, c, d, e, f, g, h will be assumed 
to lie in appropriate Lebesgue or Morrey classes related to p, a, 7, ip and 6. For the classical 
Euclidean metric, non-degenerate Q and 1 < p < n, the Sobolev gain is a = n/{n — p). In general, 
we will always restrict 7,1(1,6 to the ranges 

(1.4) 7 €(l,(7(p-l) + l), ^(l^ + l-c' 1 ), 6e(l,pa). 

We will often refer to a, b, c, d, e, /, g, h as structural coefficients, or simply as coefficients. Except 
for a, which is constant, the coefficients must always satisfy certain minimal local integrability 
requirements: see f|2.12]> . 

We remark that the set of structural properties (jl.3p is invariant under replacing the symmet- 
ric nonnegative semidefinite matrix Q(x) by another symmetric nonnegative semidefinite matrix 
M{x) which is equivalent to it, i.e., which satisfies 

(1.5) ^(Q(x)C,0 < (M(aO£,0 < C(Q(x)C,0 for all £ G R", a.e. x £ Q; 

see Theorem 15.11 in Appendix 2. 

We also remark that the structural assumptions (jl.3p are equivalent to the following set of 
assumptions: there exists a nonnegative function d(x, z, £), (x, z, £) G x R x R n , such that for 
a.e. x G 0, all 77 G R n and all (z, £) G R x R 71 , 



(1.6) 



00 1 77 • A{x,z,£)\ < 
(ii) £ • A(x, z,£) > a 



VQ( x )v\ a{x,z,£), 
p 



-1 



(iv) 



a{x,z,£) < a s/ Q(x) £ 



p-i 



h\z\i 
+ b\z\"<- 1 



+ e 



< c 



V— 1 



see Theorem 15.31 in Appendix 2. 

Historically speaking, in the classical elliptic case (Q(x) = Identity), structural conditions more 
restrictive than (|1 ,3j) were considered by J. Serrin [SJ, who derived a broad class of regularity results 
for weak solutions of (jl.ip . Our ranges of the parameters "f,ip,6 are however wider than those 
studied in [S], where these parameters are all equal to p. In case p = 2, our ranges correspond 
more closely to those in [G, p. 176] and |GM] . although we miss some endpoint values. These 
latter papers impose continuity conditions on coefficients which we do not assume, but which lead 
to stronger regularity and also to results for systems. N. Trudinger [T] also derived regularity 
results in the elliptic case, relaxing some structural conditions under the assumption of local 
boundedness of weak solutions, but generally for the same choices as in [SJ. We note in passing 
that the equation for the p-Laplacian, namely div(Vu | Vu\ p ~ 2 ) = 0, as well as Yamabe type 
equations Au — Ru + Ru q ^ 1 = for q < 2n/(n — 2) are included in the case Q(x) = Id (with 
p = 2 for the Yamabe type equations). 

In the subelliptic case, by which we mean the case when Q(x) may be singular, regularity results 
including local boundedness of weak solutions are derived in |SWH 2] for linear equations with 
rough coefficients and nonhomogeneous terms. The form of the linear equations studied there is 

(1.7) div (M(x)Vu) + H(x)R(x)u + S(x)'G(x)u + F(x)u = F 1 (x) + T(x)'G 1 (x), 

where M(x) is a symmetric matrix whose quadratic form M(x,£) satisfies 

Cl Q(x,0 <M(x,0 <c 2 Q(x,0 

for some positive constants ci,C2, and where H,G,F,F\,G\ are functions on Q and R,S,T are 
vector fields on that are subunit with respect to Q(x). Here we say that a vector field V(x) is 
subunit with respect to Q if V(x)u(x) = v(x) ■ Vit(x) and \v(x) ■ £| 2 < Q(x, £) for almost all x G f2, 
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all £ £ R n and all Lipschitz continuous functions u on f2. By direct computation (see Theorems 
15.21 and 15,11 and relations (|5.10p in Appendix 2), such a linear subelliptic equation satisfies the 
structural conditions (|1.3p with p = ^ = ifj = 5 = 2. Our principal result includes the local 
boundedness estimates in |SWH 2] for solutions of (jl,7p and can be viewed as an extension of 
them to solutions of quasilinear equations. 

The regularity results in [SWll 2] for equations of type (|1.7j) were derived in an axiomatic setting 
which assumes the existence of appropriate Sobolev-Poincare estimates in a space of homogeneous 
type, as well as the existence of sequences of Lipschitz cutoff functions. We will derive our 
estimates for weak solutions of in a quasimetric setting, but our axioms are generally less 
restrictive than those in [SW1, 2]. For example, we do not need the assumption in [SW14 2] 
that Lebesgue measure satisfies the doubling property relative to quasimetric balls. In fact, our 
main result Theorem 11.21 requires no hypothesis at all about doubling, and Corollaries II. 8111. Ill 
use only the condition D q * listed in Definition 11.71 Also, our main Sobolev-Poincare assumption 
will be one of Sobolev type for compactly supported functions. Unlike [SW1, 2], where not only 
local boundedness but also Holder continuity of weak solutions is obtained, we will not require 
any Poincare estimate for non-compactly supported functions. However, depending on the order 
of integrability of \Q\, we sometimes assume that functions w in Wq P (Q) satisfy higher local 
integrabililty than order p. 

In order to state our main theorem, we now briefly describe the axiomatic framework. A fuller 
discussion can be found in |SW1[ 2]. Facts about degenerate Sobolev spaces Wq P (Q) are given in 
|S W2j . as well as in [R] when p = 2, and we now recall some of them. Let LipQ tP (£l) denote the 
class of locally Lipschitz functions with finite Wq P {VL) norm. By definition, Wq P (Q) is the Banach 
space of equivalence classes of Cauchy sequences in LipQ tP (Tl). Consider the form- weighted space 
consisting of all measurable R n -valued functions f(x),x £ f2, satisfying 

(1.8) ||f||/>(n,Q) = ^J^Q(x,f(x))2dxy < oo. 

Identifying measurable Revalued functions f, g which satisfy ||f — e\\cp{Q,q) = 0, (|1.8p defines 
a norm on the resulting vector space of equivalence classes; we define £ P (Q,Q) as the space 
consisting of these equivalence classes. When p = 2, £ 2 (Q, Q) is shown to be a Hilbert space with 
inner product (f , g) = f n {(x)'Q(x)g(x) dx in Theorem 4 of [ SW2j . and the arguments in the proof 
there show that £ P (Q, Q) is a Banach space with norm (|1.8p for 1 < p < oo. If {wk}'kLi £ Wq' p (Q,), 
i.e., if {wkYj^Li is a Cauchy sequence in Wq P (£1) norm of LipQ tP (U) functions, there is a unique 
pair (w, v) £ L p (£l) x £ p (£l, Q) such that Wk — > w in L p (f2) and Vwk — > v in £ p (£l, Q). The pair 
(w, v) represents the equivalence class in Wq P (Q) which contains the Cauchy sequence {wk}- Any 
pair (w,v) representing an equivalence class in Wq P (Q) is said to belong to the space Wq P (Q). 
Thus, Wq' p (0) is the image of the isomorphism J : W^ P (Q) -> x £P(Q,Q) defined by 

J([{w k }}) = (w,v), 

where [{wfc}] denotes the equivalence class in Wq P (Q) containing the Cauchy sequence {wk}- 

Therefore, Wq' p (0) is a closed subspace of L P (Q) x £ p (£l,Q) and hence a Banach space as well. 

As the spaces Wq P (Q) and Wq P (Q) are isomorphic, we will often refer to elements (u>,v) of 

Wq P (^) as elements of Wq P {VL), where the isomorphism is taken in context. We caution the 

reader that v is not generally uniquely determined by w for pairs (tfl,v) in Wq' p (0), i.e., the 
projection 

p ■. w^ p (n) -> L p (n) 

obtained by mapping a pair onto its first component is not always an injection, as shown by an 
example in [FKSJ. Nevertheless, we will generally abuse notation and denote representative pairs 
in Wq P (Q) by (w,Vw) instead of (w,v). Moreover, we will often abuse notation even further by 



4 



BOUNDEDNESS OF WEAK SOLUTIONS 



simply writing w instead of the pair (ra,Vto). Some additional facts about degenerate Sobolev 
spaces are listed in Section 2 and Appendix 1 below. 

In |SW2| . the notion of the regular gradient V reg w of an element w in Wq P (CI) is introduced 
and used to derive results related to regularity of linear subelliptic equations. However, in the 
present paper, we have been able to avoid this technical device; see the comment which follows 
Corollary [HOI 

By a quasimetric p on Cl, we mean a finite nonnegative function onllx!! such that for some 
constant k > 1, 

p(x,y) = iff x = y 

p(x, y) < k[p(x, z) + p(y, z)] if x,y,z £ Cl. 

For simplicity, we will also assume that p is symmetric, i.e., that p(x, y) = p(y, x) if x, y G Cl. For 
x G Cl and r > 0, define the sets 

B(x,r) = {y £ Cl : p(x,y) < r}, 
D{x, r) = {y G Cl : \x — y\ < r}, 

and assume that B(x,r) is Lebesgue measurable for every r > 0, x G Cl. We call B(x,r) the 
quasimetric ball (or p-ball) with center x and radius r, and we sometimes write B r (x) or simply 
B r instead of B{x,r). Throughout the paper we will assume that 

(1.9) for all x G CI, \x — y\ ->■ if p(x, y) ->■ 0, 
and in some of our results we will also assume that 

(1.10) for all x G CI, p(x, y) — > if \x - y\ — > 0. 

We remark that condition (|1 .9|) is equivalent to requiring that 

^ for every x G Cl and every e > there exists 5 > 0, depending on x and e, 

^ ' ' such that B(x,5) C D(x,e), 

while condition (jl.lOp is equivalent to 

, ^\ f° r every x G Cl and every r > there exists s > 0, depending on x and r, 

such that D(x,s) C B(x,r). 

Then condition (jl.lOp . or equivalently condition f)1.12f) . implies that \B(x,r)\ > for every p-ball 
with r > 0. By Lemma 12.11 in Section [21 condition (|1.9p implies that for every x £ Cl, one has 
B(x, r) C if r is smaller than a suitable ro = ro(x) > 0; here E denotes the Euclidean closure 
of a set E C Cl. 

Given p, 1 < p < oo, and a nonnegative semidefinite quadratic form Q(x, £) = {Q(x)£,, £), where 

Q(x) is a symmetric matrix for each x G Cl and |Q| G L^(Cl), we need the following Sobolev 
estimate: there exist a > 1 and C > such that for every p-ball B r = B(y,r) with y G Cl and 
< r < r\(y) for a suitable r\{y) > 0, 



i 



I Sri 



l . l 



(1.13) ( j-^-j- J \w\ pa d x y° <C r J Q(x,Vw)2d x y + (j^fj f H P dx^j * 



for all pairs (u>, Vw) G (PFg P )o(-B r )- Here (TyQ P )o(-B r ) denotes the analogue of the space WQ P (B r ) 
defined earlier but now the completion with respect to (|1.2|) , with Cl now replaced by B r , is formed 
by using Lipschitz functions with compact support in B r . Even though may not be determined 
uniquely by w, it follows that (|1.13p holds for all (w,Vw) G (Wq P )o(B r ) provided it holds for all 

Lipschitz functions with compact support in B r . We also note that since Q{x,^) = \y / Q(x) ^\ 2 , 
()1.13p can be rewritten as 

f \w\ pa dx)° < C r ( ( \VQVw\ p dx)+(-^—[ \w\ p dx) 

JB r J \\ B r\ JB T J \\ B r\ JB r J 



\B r 
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The number a is a factor which measures the "Sobolev gain" in integrability of w, from L p {B r ) 
to L p<T (B r ) independently of B r ; a plays a crucial role in our results. 

We will always assume that r\(y) < ro(y) for every y G f2, where ri(y) is as in (|1.13p and r$(y) 
is as in Lemma [2. II In particular, it then follows that the closure of any ball B(y, r) with r < r\(y) 
lies in £1. 

We also require the existence of appropriate sequences of Lipschitz cutoff functions (called 
"accumulating sequences of Lipschitz cutoff functions" in [SWlj ). namely, we require that for 
some exponent s* , pa' < s* < oo, there are positive constants t,N and C s *, with r < 1, such 
that for every ball B(y,r) with < r < ri(y), there is a sequence of Lipschitz functions {r]j} ( jL 1 
with the properties 

supp??i C B(y,r) 
< rjj < 1 for all j >1 

B(y,rr) c{i£ B(y,r) : r]j(x) = 1} for all j > 1 
supp?7j + i c{i£ B(y,r) : r]j(x) = 1} for all j > 1 



J1.14) 



/ \y/QVrjjfdx) < C s .— for all j > 1. 



We remark that the above condition is slightly different from that appearing in [SWlj, and it is 
actually weaker. Indeed, the key final property in f)l . 14|) is weaker than its analogue in [SWlj 
where the exponential growth constant N-> is replaced by j N . Further, it is assumed in [SWlj 
that r\(y) = #odist(y, <9f2) for some 5q > 0, where '"dist" denotes the standard Euclidean distance 
in R n . The second property, < r\j < 1 for every j, is not required in [SWlj . However, if {i]j} < jL l 
is some collection which satisfies (|1 . 14|) except for the second part, simply define a new collection 
{Vj}?=i by 

if < rjj(x) < 1, 
fj^x) = { if^(x)<0, 




if f]j(x) > 1. 

for each j. This new collection then satisfies (|1 . 14|) as written. We also remark that since s* > pa' , 
we may choose a number s' > a' so that s* = s'p. The exponent s which is dual to s' , i.e., so that 
1/s + 1/s' = 1, satisfies 1 < s < a and plays an important role in our results. 

Another assumption, generally simpler than (jl . 14|) . which we will impose in our main theorem 
is that there exists t, 1 < t < oo, such that for every />ball B(y,r) with < r < r\{y) and every 
Tj = rjj in the corresponding sequence {r/j} provided by ()1.14p . 

(1.15) ( / \^QVr]\ tp dx] <oo. 

\JB(y,r) J 

In fact, by (|1.14p . condition (|1.15p is automatically satisfied for every t with 1 < t < s* /p. On 
the other hand, (|1.15p might hold for larger values of t independently of (|1.14j) : for example, if 
Q(x) is bounded, then (jl,15p holds with t = oo for all B(y,r) with closure in 17 and for every 
rj G Lipo(£l), even if (|1.14p is not valid for any s*. To derive some of the preliminary results in 
Section 2, we will assume (|1.15p for more restricted classes of balls B(y, r) and functions rj. In any 
case, (|1.15p as well as (|1.16p below are only qualitative conditions, in the sense that the constants 
involved in both of them will not enter our final estimates. 

In our main theorem, (|1.15p will be paired with the following assumption, where t' is the usual 
dual index of t given by 1/t + 1/t' = 1: for every p-ball B(y,r) with < r < r\(y), there is a 
constant ci = C2(B(y,r)) so that for all / G Lipi oc (£l), 

(1.16) ( jf Iff'dx^ P ' < c 2 \\f\\ w i., {n) = c 2 (^ \y/QVf\*dx + ^ \f\ p d x y. 
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It is easy to see that condition (|1.16p holds for all elements of Wq P (Q) and not just for functions 
in Lip loc {Q). 

In Section 2, (|1.15p and (|1 . 16|) will be used to derive a useful version of the product rule. 
They will also be used to prove that functions in Wq P (Q), which are generally without compact 
support, have sufficiently high local integrability in the presence of the Sobolev estimate 13j) 
for compactly supported ones. See Proposition 12.31 for an estimate of \\w\\ipa^ B ^ y ^ Tr ^, < r < 1, 

in case w G Wq P (Q) and B(y,r) is any p-ball with < r < r\{y). As is true for (|1.15|) . we 
sometimes assume in Section 2 that (|1.16|) holds for a smaller class of balls. 

Remark 1.1. Note that condition (|1.16p becomes weaker as t' becomes smaller. In particular, if 
(|1.15p holds with t = oo (e.g., if Q G L^ c (0,) or if (|1.14|) is valid with s* = oo), then t! = 1 and 
(|1.16|) is trivially true. 

When (|1.14p holds for some s* > pa' , then (|1.15p is automatically true with t = s* jp, and 
the corresponding t' in 111.16}) satisfies 1 < t' < a. In case t' < a, 111, lb]) is considerably weaker 
than the Sobolev inequality (|1.13|) when restricted to Lipschitz functions f with compact support 
in B(y,r). On the other hand, (|1.16p is assumed to hold for any locally Lipschitz function whether 
it is compactly supported in B(y,r) or not. 

In case the Poincare inequality 

(lh [ \f~ fBr\ pt 'dx) Pt ' < Cr (-L [ Q(x,Vf)idx) \ f Br = -L[ fdx, 

\\B r \ J B r J \\ B r\ J B r J \ B r\ J B r 

holds with B r = B(y,r) for all f G Lipi oc (Vt), then (|1.16p clearly holds as well. 

In many cases of interest, conditions (|1.13p . (|1.14p . (|1 . 15[) and (|1.16p automatically hold. An 
enormous related literature exists, and we refer to |SWlj for an introduction to it. In particular, 
()1.14p is known to hold with s* = oo for the subunit balls IC(x,r) associated with a quadratic 
form Q(x,^) that is continuous in x, provided the Fefferman-Phong condition [FPJ holds, i.e., 
provided there are positive constants co,e such that for every /C(x,r) with closure in f2, there is 
a Euclidean ball D(x,r) satisfying 

D(x,r) C fC(x,cor 6 ). 

Notice that this condition in particular implies ()1.12p . i.e., condition (jl.lOp . for the subunit 
balls JC(x,r). In order to elaborate, we extend (as in |SWlJ) the notion of subunit metric to a 
nonnegative continuous quadratic form Q(x,^) on by defining 

(1.17) 5(x,y) = inf{r > : 7(0) = x,j(r) = y,j is a Lipschitz subunit curve in il}, 
where a Lipschitz curve 7 : [0, r] — >■ is said to be subunit (with respect to Q(x,£)) if 

for a.e. t G [0,r] and all £ G R n . Then 5(x,y) is a symmetric metric on f2, although possibly 
infinite if Q is degenerate. If 5(x,y) is finite for all x,y G fi, the subunit balls fC(x,r) are defined 
by 

(1.18) fC(x, r) = {y G Vt : 5(x, y) < r}, x G O, < r < 00. 

Assuming that Q is continuous, that 5(x, y) is finite, and that the Fefferman-Phong containment 
condition holds, it is shown in [SWlJ (and, under more restrictive assumptions, in the related 
references listed there) that (|1.14p holds with s* = 00 for the balls IC(x,r). 
We say that a pair (n,Vn) G W^ p (n) is a weak solution of (|1.1|) if 

(1.19) / [Vtp-A(x,u, Vu) + ipB(x, u, Vm)] dx = for all ip G Lip (il), 
where Lip (f2) denotes the class of Lipschitz functions with compact support in f2. 
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The main results of this paper are the following theorem and corollaries, in which we will use 
the notation 

a,E; dx =(f E \f(xTd X y , 11/11^:= (y^ fjfixTdxy 

whenever E C is Lebesgue measurable, / is a Lebesgue measurable function on E, and a > 0. 

Theorem 1.2. Let fi be an open set in R n , 1 < p < oo, and Q(x,£) = be a symmet- 

ric nonnegative semidefinite quadratic form on Q, with \Q\ G L P ^(Q). Suppose that (fl,,p) is a 
quasimetric space, that condition (jl.9p holds, and that there exists a > 1 such that the Sobolev 
estimate (|1.13p holds for all (w, Vu>) G (Wq P ) (B) for all p-balls B = B(y, r) with < r < r\{y) . 
Let A(x,z,£) and B(x,z,S t ) satisfy the structural conditions hi. 3^1 with 

(1.20) 1 = s = P , tp e^p + l-a' 1 ). 

Suppose that condition (|1.14p about Lipschitz cutoff functions holds for some r G (0, 1) and 
s* > pa', and i/iai conditions (|1.15p and (jl,16p ao/d wni/i + = 1 /or some t > 1 and a// 
p-balls B as above. Let (u,Vu) G WQ' p (f2) 6e a weafc solution of (jl.ip in f2 and Zet B(y,r) be a 
p-ball with < r < Tr\{y). 

Furthermore, given k > and ei, €2, 63 G (0, 1], Ze£ 

b = b + k^Pe, 



u 



h = h + k-Pg, d = d + k x -Pf, 



and define 



— 1 

E 2 \ e 3 



h ( r ||«|| j^_ iB ( yjr ).^ I + 1 - 11-11 ^2_ jB ( 3/ir . );(Jx 
T/ien 

( L22 ) ll«IU»(B(v,Tr)) < C ^°Msp,B(y,ry^ 

where s is the dual exponent of the number s' which satisfies s* = s'p, C is a constant independent 
of u,k,B(y,r),b,c,d,e, f,g and h, and where ^ '0 = . 

Remark 1.3. Under the hypothesis of Theorem \1.SX Proposition \2.3\ guarantees that the factor 
ll^llsp B(y r)-dx ^ n P-22)) * s finite. If Z is finite for all B(y,r) as above and condition (jl.lOp is 
satisfied, then Theorem \1.2\ gives local boundedness of weak solutions of equation (jl.ip in £1, i.e., 
weak solutions in Wq P (Q) are bounded in every compact subset ofQ; see Section 2 for the simple 
proof. 

Remark 1.4. The proof of Theorem \1.2\ also provides an LP estimate for the size of \fQVu when 
(n,Vn) is a weak solution. In fact, under the same assumptions as in Theorem \1.2\ 

(1.23) \\VQ^ u \\LP(B(y,rr)) < CZ f- \ \ u\ \ L r(B(y,r)) + I N \ Lt'p(B(y,r)) J ' 

where the norms are now unnormalized. This estimate is an analogue of one obtained in [S] in 
the nondegenerate case. It follows from (|3.19p below by choosing q = 1 and r\ = r\\ there, and by 
applying (|1.16|) to the first term on the right in (|3.19p . 

Remark 1.5. As mentioned earlier, if we are dealing with a particular weak solution (a, Vu), 
then parts (ii), (Hi) and (iv) of the structural assumptions (jl.3p required in Theorem \1.2\ (where 
7 = 5 = p) can be weakened without affecting the conclusion. In particular, it is enough to assume 
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that they hold when the general variable zGRis replaced by u(x),x £ Q, i.e., to assume that for 
a.e. x G fi and all (z,£) G R x R™, 



(1.24) 



(i) A(x, z, = y'Q(a;)A(x, z, 0, 



(a) t-A(x,u(x),o ya- 1 ToRe -M*)K*)I P -<K*), 



(m) .A(:r, it(x), £) 
B(x,u(x),£) 



< a 

< c 



p-i 



VQRe +b(x)\u{x)\P- 1 +e(x) 



ip-i 



7o(x)c +d(x)i«(x)r i + /(x). 



When 7 or 5 exceeds p and we assume the structural conditions \1.3\) . this fact will be used in 
some of the corollaries below to deduce boundedness results from the case 7 = 5 = p considered in 
Theorem it will allow us to bundle some powers of \u{x)\ together with the coefficients. 



We now turn to the question of estimating the expression Z defined in (|l,2ip , and in particular 
of determining when it is finite. 

In case e = / = g = 0, we can let k tend to in (|l,22p to obtain (|1.22p for u instead of u. In 
our applications of Theorem 11,21 provided e,f,g are not all identically in B r = B(y,r), we will 
choose the constant k to be 



k(r) = k(y, r) 



(1.25) 



p'a 1 ,B r ;dx 



1 

p-i 



p-e 2 



+ r 



J^-.B r ;dx 

p-e 3 



1 

p-1 



As above, in case k = in (jl.25|) . then in order to be able to apply Theorem II. 2 \ we will instead 
choose any positive number for k and then let this number tend to 0. In any case, it follows from 
(|1.25p that the three terms of (jl.2ip corresponding to b, h and d satisfy 



p-e 2 ' " I \ p-e 3 



^2 



< 



\p'cr',B r ;dx 
+ I /•" 



+ k 1 - p r p - 1 \\e\\ , 



p' a' ,B r ;dx 



-^-,B r ;dx 
p-62 



+ ATV|| 5 || J!2 



l ^—,B r ;dx 

p-e 3 



+ k x ~ v r v 



,B r \dx 



-^—,B r ;dx 

p-E 3 ' 



< 



1 +2 i + 2i + r^ 1 ||6|| , ^+2i(^ ll „ !! _ i ^ /; 



+ 2 E s r 



p-e 3 ' r ' 



Consequently, with k defined by (|1.25p . we may replace Z in ()1.2ip and (|1.22p by the following 
analogous expression in which b, h, d are replaced respectively by b, h, d: 



;i.26) 



1 + r 



p _ p(i>-p) 



+ r 



l ^-,B r ;dx 

p-e 2 



+ r 



>^—,B r :dx 

p-e 3 



Strictly speaking, the additive constant 1 in (|1.26p should be replaced by 1 + 2 1 / e2 + 2 1 / <E3 , but we 
can incorporate extra constant factors depending on £2,63 in the constant C in (|1.22p . 

In order to better understand the expression Z in (|1.26|) . we first note that its form leads 
naturally to the following definition of spaces of Morrey type for quasimetric balls. 
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Definition 1.6. Let a,/3 satisfy < a < oo and < (3 < oo. We say that a measurable function 
m(x) on SI belongs to the Morrey class Ma(Q) if 

(1.27) \\m\\ M e {n) = sup |r a (^J~^ f ^ ^ K^OI^ J = sup {r a \\m\\^ Br .^] < oo, 

where the sup is taken over all p-balls B r = B(y,r) with r < min{l, ri(y)}. We recall that the 
closure of any such ball is contained in Q. In case (3 = oo, means that 

\\m\\Mg=(n) = sup{r Q ess sup B ^ yr ^\m\} < oo. 

Using this notation, the expression Z in (jl.26p satisfies 



PW-P) ..— ,, ,,T- ,, ,,7- 

' ' ..... Eg 



(1.28) Z <l + \\b\\ MP ,„, +\\c^ul^\\ e ^ +\\h\\^^ L + ,, ^_ 

p ~ M?-^(n) M/- E2 (f7) Af/~ e3 (fi) 

However, since Z involves only a single ball, it is more local than the right-hand side of f|1.28|) . 
and we will often take further advantage of its local nature before using Morrey classes. 

In general, there is no simple way to characterize Morrey classes in terms of Lebesgue classes. 
However, it is possible to combine a Lebesgue condition with an (algebaic) growth condition on 
\B r \ in order to estimate the size of ^HmH^ Bv r^. and determine upper bounds for Z. To do this, 
we will use the following simple observations. 

For balls as in Definition II. 6| note that 

i_ 



where the supremum is taken over all such balls. 

Definition 1.7. If q* satisfies < q* < oo and there is a positive constant cq such that 

(1.29) \B(y,r)\ > c r q * 

for all p-balls B(y,r) with r < min{l, ri(y)}, we will say that condition D q * holds. 
Condition (|1.29p is related to, but weaker than, the local doubling condition 

(1.30) \B(x,2r)\ <C\B(x,r)\, x £ ft, < r < f(x), 

where f(x) < ro(x)/2. It is well-known that (|1.30p implies there are positive constants C, D* such 
that 

(1.31) \B(x,R)\<cl-j \B(y,r)\ if B{y,r) C B(x,R) 

and r is sufficiently small. Note that (jl.29p follows from (jl.3ip with D* = q* if p is bounded in f2 
since then by choosing R = sup{/)(x,y) : x,y £ fl}, we have for all x G Q that f2 C B(x,R), and 
consequently B(x,R) = J7. Moreover, even if p is unbounded in SI, (jl.29p follows from (|1.3ip if 
inf{|B(a;,l)| : x £ FL} > 0. 
Then for a, as above, 

(L32) r a ( 1 f \ m f dx ] ' < I C W m h,B(y,r);dx if P < 00 and D *P h ° lds 



\B(y,r)\ J B (y,r) J (JMU°°(B(2/,r)) 

, where to obtain the second option 
£0(0) C Af£(fi) if = oo, or if /3 < oo and D aP holds. 



with C = Cq 1 ^, where to obtain the second option we have used a > and r < 1. Thus 
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If m is a product, m{x) = mi(x)m2(x), and if /3i,/?2 satisfy < /3i,/?2 < oo and 4 = 4j- + 4^, 
then Holder's inequality implies that for any B r = B(y,r), 



Combining this with f)1.32|) gives (again we denote B r = B(y,r)) 

(1.33) ^ (jW] f B l 7 ™ 1 ™ 2 ^ 2 ^ - C \\ m ihi,B(y,r);dx [j^fj \mz\^dxj 2 provided 

— = — + —, and either f3\ = oo, or /3i < oo and D a p l holds. 
p Pi P2 

Estimates (jl .32|) and ()1.33p serve as a basis for finding different ways to majorize (jl.26p by 
using D q * conditions and Lebesgue classes, and lead to the corollaries below. We emphasize that 
our corollaries cover only a few special cases and do not exhaust all possibilities. Recall from (|1.4p 
that we always assume 7, ip, 5 satisfy 

7€(l,<r(p-l) + l), ^(l.p + l-a- 1 ), 6e(l,pa). 

The fewest technicalities arise when 7 = 5 = if) = p, and we begin with that case. The result we 
will state aims at making the weakest possible integrability assumptions on the coefficients, and 
consequently it makes a strong assumption about the order of the D condition. As is apparent 
from (|1.29p and (|1.32p . since r < 1 and a(3 increases with f3, a general principle is that the better 
the coefficients are (i.e., the higher their integrability becomes), then the weaker the required D 
condition becomes. 

Corollary 1.8. Suppose the same hypotheses and notation as in Theorem hold, but now 
also that i/j = p (i.e., 7 = 5 = tp = p), that condition D q * holds for some q* < pa', and that 
b,ee LP' a '(B(y,r)), c e W & ,( - 1+e) (B (y , r)) and d, f,h,g e L a '^(B(y,r)) for some e > 0. Then 

(1.34) \\u\\L°°(B(y,Tr)) < C I I |_g J j ^ \u\ sp dxj + K{y,r)\, where 



K(y,r) = r P CT ( \ & V p > c > ,B{y,r)\dx + r ?CT ~^ 1+t P ~ 1 \\f\\a'(l+e),B(y,r);dx 

_ rV a> i+ £ \\g\\*, (1 _ 



'(l+e),B(y,r);dx / 

and C depends on all relevant parameters including e, the constant in the D q * condition and the 
sum of the corresponding norms ofb,c,d,h over B(y,r), but does not depend on u,B(y,r),e, f 
or g. In particular, if s = 1, i.e., if the cutoff condition ftl.l4\ ) holds in the L°° sense, then 



p 



(1.35) IMIl-^tt)) < C j \ufdxj + K(y, r) 

with K(y, r) and C as above. 

Note that for the case of the standard Euclidean structure, pa' = n and condition D n auto- 
matically holds. Hence, since ()1.14p is true with s* = 00 in this situation, estimate (jl.35p then 
applies and includes the local boundedness result of [§J Theorem 1, p. 555]. 

If e,f,g vanish identically in B(y,r), then K(y,r) = in Corollary 11.81 Also, if q* < pa' and 
the corresponding norms of e, /, g over all of f2 are finite, note that K(y, r) < cr v for some 77 > 
which depends on q* . 

The proof of Corollary 11.81 is an application of Theorem 11.21 and follows from (jl.26|) and (jl.32p , 
without needing to use (|1.33p . We choose k as in (|1.25|) and drop k on the left side of (|1.22|) . 
thereby replacing u by u on the left side. However, on the right side, we use the hypotheses 
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to estimate Z and show that k < CK(y,r). As examples of the required computations, let us 
briefly indicate how to estimate the term of Z which corresponds to b and the term of k which 
corresponds to g. Denoting B(y,r) = B and using the estimate \B\ > CQr q , we have 

p-i / i „* \ p-i 



rP~ 1 \ 



\p'a',B;dx 



r 



|£|i/(p<r') 

1 



\p' a' ,B\dx 



< 



*0 c' 1 ~ — 7 

c n r P" 



\prj' ,B;dx 



\pa' ,B;dx 



since q* < pa' and r < 1. Similarly, choosing e2 = ep/ (1 + e), we obtain p — €2 = + e) and 

I IIP 

l"llcr'(l+e),B;<te - 



r P\\„\\ . 1* < / "p°-'(i+0 {1-^t}+^7TTI 



Further details are left to the reader. 

Our next corollary gives an estimate when all of 7, ip, 5 are less than p. In this case, we can 
easily replace each of the structural assumptions (|1.3|) (ii) , (iii) and (iv) by a similar one involving 
only p and modified coefficients. For example, if 7 < p, we can use the simple estimate 

b\z\^- l + e< b\z\ p - x + (b + e) 

to see that (|1.3p (iii) implies 



A(x,z,0 



< a 



p-i 



VO(x)C +b\z\ p - 1 + {b + e). 



Similarly, an analogue of (|1.3p (ii) holds with — \i\z\ 1 — g replaced by — h\z\ p — (h + g), and if 
if), 8 < p then (|1.3p (iv) gives 



p-i 



B{x,z,0 <c^/Q(x)i +d\z\ p - 1 + (/ + c + d). 



It follows that when 7, ifi, 5 are less than p, (|1.3p implies its analogue with 7, ip, 5 all replaced by 
p and with e,g, f replaced by e + b, g + h, f + c + d respectively. Hence we immediately obtain 
the next corollary from the previous one. 

Corollary 1.9. Suppose the same hypotheses and notation as in Theorem hold with these 
exceptions: the structural assumptions \1.3\) hold for some r y,ip,S < p; condition D q * holds for 
some q* < pa 1 ; and b, e 6 L pV (B(y,r)), c G I^^ 1+e \B(y, r)) and d,f,h,g € L a '( 1+e \B(y, r)) 
for some e > 0. Then ftl.34\ ) is true with 

K{y,r) = r 1 -^ (\\ e + b\\^, My ,r);dx + r^^\\g + /i||^ (1+e)iB(l/>r)s<tB 

+r {1 -^ + ^ } ^ ||/ + c + d\\% +e)My ^ dx ) 

and with C depending on all relevant parameters including e, the constant in the D q * condition 
and the norms of b, c, d, h over B(y, r), but not on u, B(y, r), e, / or g. 

Next we list corollaries in case all of 7, ip, S in (|1.3p exceed p. In this situation, we will use 
the observation in Remark 11.51 in fact, the last three assumptions in either (|1.3p or its weaker 
analogue when z is replaced by u(x) (for a fixed weak solution u) yield 



:i.36) 



(t) A(x, z, = y/Q(x)A(x, z, 0, 

(ii) £ ■ A(x, u(x), > a- 1 ^/Q{x)^ ? - (/i(x)|u(x)|T- p ) \u(x)\ p - g(x), 

y/Qix)^ 1 + (b{x)\u(x)\~t-p) \u{x)\P~ l + e(z), 
^Qix)^' 1 + (d(x)\u(x)\ 5 -P ) ^(x)!^ 1 + f{x) 



A(x,u(x),£) 
iv) B(x,u(x),£) 



< a 

< c 



for the same 7, ip, 5 and a, b, c, d, e, /, g, h as in ()1.3p . Consequently, denoting 

b* = b\u\^- p , d* = d\u\ s ~P, h* = h\u\^- p , 
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we obtain the conditions (jl.24p with b, d, h there replaced respectively by b* ,d* ,h* . Using Remark 
11,51 as well as (jl.26|) . where the form of the constant k in the formula u = \u\ + k is still the same 
as in (jl.25p . we may apply Theorem 11.21 with Z replaced by 



l + rP- 1 ] 



17-PI 



p(4>-p) 



,B r ;dx 



(1.37) 



■p\\hu,\y-p\ 



+ r F h u 



p-e 2 



,B r ;dx 



£2 + ( r p \\d\u\ s -^ 



J>Z-,B r ;dx 

p-e 3 ' 



The terms in (jl.37p can be treated by applying (jl.33p . and we obtain the following corollaries. 
In the first one, we make the strongest possible assumption on the coefficients, namely that they 
are all bounded. In this case, we require no D condition at all. By using (|1.37p together with 
(|1.33p for /?i = oo, we obtain 



(1.38) 



Z* 1 • 

+ (\\h\\ L ~ { B r )\\\uV- p 



p(i>-p) 



p- £1 ' ' 



— ,B r ;dx 

-to ■ " 



+ 



\L°°(B r )\ 



U 



S—p I 



— ,B r ;dx 
-en' ' 



In the third term on the right side of the estimate for Z* , we use (|1.25p and the fact that r < 1 
to obtain 



u = \u\ + k < |u| + ( \\e\\ pl(T , >Br .^) P 1 + [ \\9\\£L >Br & J + 



-PZ-,B r ;dx 
p-e 3 > 



p-1 



Choosing £1,62,63 small, we then easily obtain from (|1 .38|) that for any sufficiently small e > 0, 
depending on 7, 5, ip,p and a, there are constants 9, C\, C2, L satisfying 



;i.39) 



9 = max { ( 7 - p) P W, ^- p P) + P ^\ +e \ (S ~ pV d + e)\ , 



(1.40) 

(1.41) 

and 
(1.42) 
such that 



C\ — Ci(e,p,ljj, \\c\\i,°°(B(y,r))> \\ e \\L°°{B(y,r))-, 1 1 f\ I L°° (B(y,r)) > I \o\ (B(y,r))) 

with C\ = when c = in B(y, r) or when e, /, g = in B(y, r), 

C2 = C 2 (e,p, 1p,\\b\\L°°(B(y,r)) A\ c \\l°° {B(y,r)) , \\d\\ (B(y,r)) , \\h\\ L°° (B(y,r))) 

with C2 = when b,c,d,h = in .B(y, r), 



Z* < 1 + Ci + c 2 



-I £ 



1 + 



\u\ e dx 



Moreover, for small e, the restrictions (|1.4|) imply that 6 < pa, and consequently that u G 
L s (B(y,r)). Thus we obtain the following estimate. 

Corollary 1.10. Suppose the same hypotheses and notation as in Theorem hold with these 
exceptions: the structural assumptions hold for some J,ip,6 > p which satisfy Ji.^[ ), and the 
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coefficients b, c, d, e, /, g, h are bounded in £7. For small e > 0, define 9, C\, C2 and L as in U.39\) . 
[1.4$ , |?3ZP an< ^ (Z3^P> respectively. Then for any p-ball B(y,r) with < r < Tr\(y), 



\ u \\L°°(B(y,Tr) < C < 



(1-43) 



1 + d + C 2 



1 + 



\u\ e dx 



\B(y 



B{y,r)\ J B{y:r) 




where K(y, r) 



1 

I p-i 



(p p —I— 1" " 

r H e llL-(B( J/ ,r)) +r 



1 1_ 

P — 1 I I I I I P 

L°°(B(y,r)) + r "9"L°°(B(y,r)) 



and C is as in M.22\) . In particular, if [1.1$ holds in the L°° sense, then [1.4$ holds with s = 1. 
In this corollary, no D condition is needed. 



As noted above, when e is small, the value of 9 in (|1.43|) satisfies 9 < pa. The largest power of 
I it I which is a priori locally integrable is pa, and our next corollary gives an estimate when 9 is 
replaced by pa, still asuming that all of 7, if), 5 exceed p. In this situation, the conditions required 
of the coefficients are weaker than boundedness, but an appropriate restriction in terms of a D 
condition is required. 

Corollary 1.11. Suppose the same hypotheses and notation as in Theorem \1.2\ hold with these 
exceptions: the structural assumptions [1.3\) hold for some J,tp,6 > p which satisfy [ 1.4\ ); the D q * 
condition holds for some q* > as described below; for a given p-ball B(y,r) with r < Tr\{y), the 
coefficients satisfy 

P° ^ tCit^i w n . P a 



b G L a {B(y,r)), B > 



a(p - 1) + 1 - 7 



; ceL L (B(y,r)),C> 



a(p + 1 - V) - 1 ' 



deL D (B(y,r)),V> 



pa 



pa 



-.; eeL £ (B(y,r)),£>p'a'; 



f eL^(B(y,r)),T>a'; g G L g (B(y,r)), Q > a'; h G L n (B(y,r)), U > 



pa 



pa — 7 



and 



q* < min {B(p — l),£{p — l),C(p + 1 — i/)),T>p, Tp, Qp,Hp}. 



Then 



(1.44) 



where 



\ u \\L°°(B(y,Tr)) 



<cl 



1 + C[ + C' 2 



1 + 



_L"i M w ° 

per 



\u\ pa dx 



B(y,r)\ J B {y,r) 

— ^— 1 f \urdx) " +K{y,r) 
B{y,r)\ J B( ) J 



_1_ 

s p 



K(y,r) 



(p-i)£ e 



p-i 

£,B(y,r) ;dx 



_|_ r 



1 * 1 

— -T 1 1 „ ,,- 

p 4-r pS\\n\\ p 

T,B(y,r);dx ~ "Vug ,B{y,r);dx 



C is as in \1.22\) . L > is a constant depending on j,ip,5,p,a,B,C,T>,'H, and the constants 
C[,C 2 are analogous to the constants C\,Ci in [1.40\ j, [1-4$ but with the L°°(f2) norms of 
b,c,d,e, f, g,h replaced by their corresponding norms listed above. Also, C[,C 2 have the same 
vanishing properties as C\ , C2 but now depend on the constants in the D q * condition as well as 
"y,ip,5,p,a,C,T>,T-L and the norm of c; C[ depends furthermore on the norms of e,f,g, and C 2 on 
B and the norms of b,d,h. Again, in case [1.14\ ) holds in the L°° sense, then [l-44\ ) holds with 

8 = 1. 
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The proof of Corollary 11.111 is computational but straightforward; it is based on f)1.33|) and 
(jl.32p . Details are left to the reader. Further computations show that if q* = pa', then all 
conditions involving q* in Corollary 11.111 are satisfied. This is the case in the classical Euclidean 
setting if p < n since then a' = n/p, giving pa' = n. 

2. Preliminary Definitions and Lemmas 

p 

Let Q C W 1 be a bounded open set and \Q\ G Lf oc (Q,). For w G Lip loc (f2), recall that 



(2.1) W w \\ w ^v m = ( / \w\ p dx + / (Vw,QVw)2 dx 



n Jn 



[ \w\ p dx+ [ \^/QVw\ p dx 
W w \\ P p ,n;dx + II \VQVv>\ \\ P P ,n;dx) 



By definition, Wq P {Q) is the completion with respect to || • Hjy 1 .?^) of those functions in 
Lip loc (Q) with finite W£ p (n) -norm. Also, (Wq' p )o(^) denotes the completion with respect to 
II ' llw£*(n) of Li Po(^)- 

A sequence {u>j}jgN C Lip loc (f2) such that [IwjH^i.p^ < oo for every i and which is Cauchy 
with respect to || • II vf 1,p (o) identifies an element of Wq P {Q). Then {wi} is a Cauchy sequence in 
L p (Cl) and {\/QVwi} is a Cauchy sequence in [L p (Q)] n . Hence, up to subsequences, as i — > oo, 

(2.2) Wi — > w in L P {Q) and a.e. in £1, 

(2.3) Vwi — ► v:=Vw in C P {£1) and 

(2.4) y/QVwi —> ^/QVw in [L p (n)] n and a.e. in (1. 

We adopt the abuses of notation mentioned in the Introduction. Thus, we will not generally 
distinguish between Wq P (VL) and its isomorphic copy Wq P (0) defined to be the collection of pairs 
(w, Vtu) which arise as in f)2.2|) . (|2.3p . ()2.4p . We will often write simply w instead of (w, Vw) even 
though Vw may not be uniquely determined by uu. 

It follows from (j!T2|) . (pT3|) and that (j2TT|) also holds for a generic element w G Wn' p (n). 

Similarly, it follows by passing to the limit that conditions like (|1.16p hold for all functions in 
Wq P {Q) instead of just for Lipi oc (Q). In order to deal with the left side of such inequalities when 
passing to the limit, we generally use Fatou's lemma. 

The role of condition (|1.9p is illustrated in the next simple lemma. 



Lemma 2.1. // (jl.9p holds, then for every there exists ro = n>(y) > such that B{y, r) C SI 

for all r G (0, ro] • 

Proof: Let y G f2. Since f2 is open, there exists e > such that D(y, e) C O. By (jl.lip . there is 
ro > for which B(y,ro) C D(y,e/2), and it follows that the closure of B(y,ro) lies in 0. □ 

We now derive a useful version of the product rule. See the comments after Lemma 12.41 for a 
more global version. 

Proposition 2.2. Let (|1.9p be true. Suppose that (|1.15|) holds for a particular p-ball B with 
closure in £1 and a particular function rj G Lipo(B). Suppose also that, for t > 1 as in (|1.15|) . 
condition (|1.16|) holds for B with t' given by 1/t + 1/t' = 1. If 6 > 1 and w G Wq P (Q), then 
r] e w G (Wq' p ) (B) and 

^/QV(n w) = Orf^w^/QVr) + rf^/QVw a.e. in Vt. 
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Proof: Since w G Wq P (Q,), there is a sequence {u>i} C Lipi oc (yi) representing w which is 
Cauchy in Wq P (Q). Taking a subsequence, we may assume that (|2.2p . (|2.3p and (|2.4p hold. Now 
fix B and r\ as in the hypotheses, and consider the sequence <pi = rfwi. Clearly, tp^ G Lipo(B). 

Claim 1: ipi — > <p := rfw a.e. in Q and in L p (f2). 
In fact, ifi — > rj e w a.e. in Q by our assumptions on the sequence {wi}. Also, 



|^ _ = \rjfP\wi - w\ p < C(6, r]) p \ Wi 



w 



p 



and hence \\<pi — r\ w|| P) n;da; < C(6, i])\\wi — wWp^-dx — > 0, which proves the claim. 
Claim 2: For a.e. and in [L p (£l)] n norm, 

(2.5) y/QV<Pi — ► Qr?- x w^[QVr) + rf^QVw. 

By the product rule for Lipschitz functions, -v/QVi^j = 9rf~ 1 Wi- s /Q\/r} + rf y/Q\7wi a.e. in 0. 
Then (|2,5p holds for a.e. x G by the convergence properties of u>j and ^/QVwi. Moreover 

f y^QV^p i -Or ] e ~ 1 wy / QVr ] -r ] d ^/QVw P 
Jn 



dx 

dx 

dx. 



<2P [ \d\ V \( e -VP\wi - w\'\y/QVri\ p + M 6p \ VQVwi - y/QVw\P 

r — — ^ 

<C{0,ijf / \\wi-w\ p \^QV V \ p + \^/QVw t - y/QVw\ p 
Jn 1 



Now 



f \y/QVwi - yfQVw\ p dx = Wy/QVwi - VQ^MZn-dx < \\ w i ~ w \\ P w x, P ^ ~ ► °- 
Jn y ' ' w q w 

By Holder's inequality and (|1.16|) (recall that (|1.16|) holds for general elements of Wq P (CI)), 

[ \w i -w\ p \^/QVr 1 \ p dx= [ \wi - w\ p \y/QVrjf dx 
Jn J b 

(2.6) <( f \ Wi - w\ pt 'dx] ( / \^/QV7]\ pt dx 



B J \J B 

< 4\\ w i ~ M\ p w i, P{n) \\y/QVv\\lt, B -,dx> 

and the last right-hand side tends to by (|1.15p . Hence, 

llTQV^ - {d V e ~ 1 w^/QVr ] + r ] e v ^QVw)\\ p ,n;dx^O, 

and in particular {\/QV^} is a Cauchy sequence in [L p (f2)] n . Claim 2 is thus proved. 

It follows that the sequence {ifi} C Lipo(B) identifies an element of (Wq P )q(B), that cp^ 
converges to rfw a.e. in Q and in L P (Q), and that 

y/QV(rfw) = Orf^wy/QVw + rfy/QVw a.e. in ft. 

The proof is now complete. □ 

Next we will derive a result about higher local integrability of functions in Wq P (Q), whether 
or not they have compact support. 

Proposition 2.3. Assume that f)1.9|) and the Sobolev inequality (|1.13p hold. Let < r < 1 
and B = B(y,r) be a p-ball with r < r\(y). Suppose that (|1.15p holds for B and a function 
r/ G Lipo(B) which equals 1 on B{y, rr). With t as in (|1.15j) . assume that (|1.16p holds for B with 
t' given by 1/t + 1/t' = 1. Then w G L pa (B(y,Tr)) for every w G Wq V [Q), and 

\\w\\pa,B(y,rry,dx < 0\\w\\ w %P(ny 

with C > depending on p,a,max\rj\,B and the constants which arise in (|1.13|) . (|1.15|) and 
(|1.16p . but independent of w. 
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We note that under the hypotheses of Theorem 11.21 by using the functions rjj in (|1.14p , the 
hypotheses of Proposition 12.31 are met for all p-balls B = B(y,r) with r < ri(y), and so the 
conclusion of Proposition 12.31 holds for all such B. 

Proof: Let w G Wq P (Q) and let B,-q satisfy the hypotheses. Denote tB = B(y,Tr). Since 
r\ = 1 on tB, 

[ \w\ pa dx < [ \7]w\ pr7 dx. 

JtB JB 

By Proposition ^. 21 rjw G (Wq P )q(B) and satisfies the product rule. Applying (|1.13p with constant 
ci, we have 



\B\ 



(2.7) 



\r)w\ pa dx < (2ci) 
< Ccf 



pa 



. v / QV(r/u;)| p (ix + — — / |r/ii;| p drc 
I-dI ./b * \B\ JB 



PC V P 

7ST / |r/VQVw| p dx + — T / \wy^QVr]\ p dx 
\B\ Jb \B\ Jb 

+— — f \t]w\ p dx 
\B\ Jb 



(r max | 



LB 



- I \VQVw\ p dx 
Jb 



+ r^r I \wy/QV V \ p dx 
B\ J B 



(max |?7|) p 
\B\ 



\w\ p dx 



< C 



w 



+ 



w^QVr]\ p dx 



' W Q P W JB 

where C > is a constant depending on p, a, B, max and c\. We will use (|1.15p and (|1.16p to 
estimate the last integral on the right; recall again that (|1.16p holds for any w G Wq P (£1). By 
Holder's inequality (cf. (|2.6p ). 



B 



\wyfQVri\ p dx < 



it' 



pt 'dx 



< 



B 



c 3 L 2 



QVr,fd 



x 



w\\ 



B 



where Cg* 



QVr]\ pt d 



x. 



Combining estimates gives 



\V w \\pa,rB;dx < CWMlw 1 '"^) 



with C > now also depending on C2 and C3. □ 

Condition (jl.lOp provides a simple way to extend some of our results proved for individual balls 
to general compact subsets of O. As an example, let us verify Remark 1 1.31 of the Introduction. Let 
O' be a compact set in Q and u(x) be a function on O with the property that for all B = B(y, r) 
with r < r\(y), u is bounded on tB for some r G (0, 1). For such B, by using (|1.1U|) . there is an 
open concentric Euclidean ball D C tB. It follows from the Heine-Borel Theorem that fi' can be 
covered by a finite number of such D, and so also by a finite number of balls tB in which u is 
bounded. Consequently u is bounded on il', which verifies Remark 11.31 

Similarly, (|1.1U|) leads to the following extension of Proposition 12.31 whose proof we omit. 



Lemma 2.4. Assume that (jl.9p and (|1.10p hold as well as the Sobolev inequality ()1.13p . Suppose 
that for each y G f2, there is a ball B with center y and radius r < r\(y) such that ()1.15p holds 
for some ij G Lipo(B) which equals 1 on tB for some r G (0,1) and some t > 1. Suppose also 
that (|1.16|) holds for B and t' with 1/t + 1/t' = 1. The values of T,t,t' may vary with y. Then 
for every compact subset O' of f2, there is a constant C depending on O' so that 

P a,n';dx < C\\w\\ w i, Pin) for all W G Wq' P (Q). 



(2.9) 



\w\ 
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In passing, we note that under the same hypotheses as in Lemma I2.4| the product rule in 
Proposition 12.21 extends to Lipshitz functions r\ supported in Q (not just those supported in a 
ball), provided r/ satisfies the global condition 

/ | \/QVv\ pa ' dx < +00. 
Jn 

The proof is similar to the one of Proposition 12.21 using the conclusion of Lemma 12.41 to modify 
the argument for (|2.6p . We will not use this fact and so we omit the details of its proof. 



2.1. Weak Solutions. As in the Introduction, we say that a pair (u, Vu) G Wg' p (fi) is a weak 
solution of equation (jl.ip if 

(2.10) / [V<p ■ A(x, u, Vu) + ipB(x, u, Vu)] = for all <p G Lip ($7). 
Jn 

If (u, Vu) is a weak solution, we will sometimes simply say that u is a weak solution without 
explicitly mentioning Vu. If u is a weak solution, the class of functions ip for which (|2.10p holds 
can be enlarged from Lip (Q); see Proposition 12.141 We shall refer to such functions as test 
functions. 

We start by showing that the notion of a weak solution is well-defined and that the class of 
test functions can be enlarged from Lip (Jl). 

Proposition 2.5. Assume that (jl.3p holds with 

(2.11) 7 €(l,<7(p-l) + l), ^(l,P+l-0> Se{l,pa), 
and that 

(212) c G Lr V " eGL?>), __feL%y(H), 



ap 



6 e 2^-^(11), da^(n), 

where p' = (o~p)' = J^L\ are the conjugate exponents of p and ap respectively. Let < r < 1 
and = B(y,r) be a p-ball with r < Tr\{y), and the hypotheses of Proposition [273\ are satisfied, 
but with r there replaced by r/r. Assume also that ()1.13p holds, and let A(x,z,£) be defined as in 
(fL3l . Then for every u G W^ P {£1), 

\A(-,u,Vu)\ e L P '(B) and B(-,u,Vu) G L^'(B), 

with 

\\A(-,U, Vu)\\ p ' t B-dx < 

Clip, a, 7, \\VQVu\\ p B ;dx, \\e\\p,B;dx, ||&||__3! Rvfc, \\u\\pa,B;dx), 

\ c ' <r(p-l)-7 + l' ' / 

||s(-,u, Vu)!!^)/^.^. < 

C 2 (p,CT, (5,-0, ||c|| B;dxi \\VQVu\\p,B;dx, 

||d|| R-ds, II / II (p<j)'B;cfa) IMIp<x,B;cta 

Proof: Let -B be a /9-ball which satisfies the hypotheses. By (jl.3|) . 

y |2(x,u(x),Vu(x))|^dx < J (alTQVul^ 1 + 6IUI 7 " 1 + e)^ 

< J (a^ 1 1 y / QVu| p + 6^1 |u| p ^ + e^ 1 ) dx. 



IS 
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Using Holder inequality with exponents °"^rr an d a (p-i)-\+i 011 the second term (note that 



> 1 by (EH}) gives 



/ \A(x,u(x), Vu(x))| p- 1 dx 
Jb 



< ap- 1 



QVu 1 l|P 



+ 



p,B;dx 

H n(7-l)p' , || up' 
— l ,B;dx\\ U «pa,B;dx "+~ H e llp' ,B;dx 



o(p-l)-7+ 

This is finite by (|2.4p . (|2.12p and Proposition 12.31 In the same way, 

j \B(x,u(x),Vu(x))\^ dx < J (cIVQVuI^ 1 + d\u\ s ~ l + f 



ap — 1 



dx 



B 



• up , ap trpQ-1) p-p ap(S-l) 

< / "S^p- 1 I c°p- 1 |y QVu| ^p- 1 + d" 7 ? -1 |it| "p- 1 



Using Holder inequality with exponents 



Q-p— 1 



and 



ap— 1 



and on the second one (note that , > 1 by (I2.1ip ) gives 



i ry on the first term and with a ? } 

ap—\ — o(ip—\) o — l 



B 



\B(x, u(x), Vit(x))| "p- 1 dx < 3<rp-i / ||c 



MY 



ap 



pa(ip-l) 



yp—l — a(ijj — l) ' ' ^ 

+imii (p ;/ o. j ji«ii2^+ 



<2 Vw llp,B;dx 



pa 



which is finite by (|2.4p . ()2,12p and Proposition 12.31 Indeed, 



( p-l-a(ji-l) 
f IP \ trp—1 I f \ up-1 
J c^- 1 -^-!) dxj I J \yjQVu\ p dx\ <oo, 



(pa)' 
(pa)',B;dx J ' 



< y ap(S-l) / I gp 

^l CT PJ ki "p- 1 dx < / d°p- s dx 



ap — 1 



\u\ ap dx 



B 



ap—1 



< 00. 



Thus \ A(-,u, Vit)| G LP' {B) and £?(•, it, Vu) G L( CTp )'(B), and the proposition is established. □ 

Corollary 2.6. Lei i/ie hypotheses of Proposition [275\ hold and let B = B(y,r) be a p-ball as 
described there. Then for every tp 6 Lip (B) and every u G Wq' p (^2), 



/'[V V .A(x,„,V«) +vB (x,,,V,)] d x< c. 
./n 



Proof: Since no confusion should arise, we will use B to denote both the ball B(y, r) and the 
function B(x, it, Vit). Then 



[V</3 • A(x, it, Vu) + ipB(x, u, Vit)] 



< / [|V^(x,it, Vu)| + |</>-B(x,u, V«)|]dx 



< / l\/QV^| \A(x,u, Vit) I + / M |-B(x,u, Vit) I 
jb Jb 

< \\^QVtp\\ P) B;d£c \\A\\ p > t B;dx + ||¥>||<rp,B;(2a: ll^ll(o-p)',B;dx- 

By the Sobolev inequality ()1.13p . 



n 



[V99 • A(x, it, Vit) + ipB(x, it, Vit)] dx 



— IMIw/q' p (B) Mlljj'.Bjdai 

+C(B,p)\\tp\\ w i, P ^\\B\\( (Tp y tB . dx , 
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and hence 



(2.13) 



/ [Vip ■ A(x, u, Vu) + ipB(x, u, Vu)] dx 
Jn 



< 



(\\A\\ P > ^dx + C (B , p)\\B\\^ p y :B . dx ^j \\<p\\ w i,p 



(By 



The last quantity is finite because of Proposition [23l the fact that cp £ Lip (l?), and our hypothesis 
that \Q\ G Lf oc (n). □ 

Proposition 2.7. Under the hypotheses of Proposition \2lk the map A : Lip (B (y , r)) xWq P (Q) — 
M ra defined by 

A((p,u) = / [Vip • A(x, u, Vu) + (pB(x, u, Vu)] dx 
Jn 

can be extended by continuity so as to be defined on (W£ p ) Q (B (y , r)) x W^ P (Q). Also, if ip £ 
(W^ p ) {B(y,r)) and u £ Wq' p {Q), then 



(2.14) 



A((p,u) 



[\/~QVip • A{x, u, Vu) + ipB(x, u, Vu)] dx. 



Proof: We will again use B to denote both B(y, r) and B(x, u, Vu). The map A is well-defined 
on Lip (S) x Wq P {£1) by Corollary 12.61 For fixed u £ Wq P (£1), the map ip \— > A(p,u) is linear in 
<p £ Lip (-B), and by (H?T3]), 

\A(ip,u)\ < C\\<p\\ w i, P ( B) , 

with C depending on B, p, u and A but not on ip. Then the linear map is continuous and can be 
extended by continuity to (Wq P ) (B), since this is the completion of Lip (5). 

In order to prove (I2TT1D . let u £ Wq' p (Q), ip £ (W^ P ) (B), and {<pi} ieN C Lip (£) be a Cauchy 
sequence representing (p. Then 

(2.15) ipi — > ip in W^' P (B). 

Moreover, by the previous estimates, 



\\fQ^f • A(x, u, Vu) + ipB(x, u, Vu)] dx 



< oo. 



Then 



/ \_^/ r Q^ i P ' A(x, u, Vu) + ipB(x, u, Vu)] dx — A(<pi,: 
Jn 







[VQVip 








f 






B 




< 


A\ 


p',B;dx || V 



< (\\A\\p' t B;dx + C\\B\\( ap y tB . dx ) \\ip - tpi\\ w l, P 



'(By 



where we used the Sobolev inequality (|1 . 13j) to obtain the last inequality. Since \\ip — IIvk 1,p (_b) 
by $TT5\\ . we get 

A((p, u) := limA(99j,u)= / \\fQVp • A(x, u, Vn) + pB(x, u, Vu)] dx, 

Jn 

and (|2.14p is established. □ 
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2.2. A useful test function. Let k,l,q,(j,,j3 G R with q > I, I > k > Q, fj, = pa — 1 and 

/3 = (/i + l)q — jU. For any i G R, set i = \t\ + k. Define 



(2.16) F(t) 



\t q k<t<l, 
\ql*-H-(q-l)l* i>l, 

(2.17) G(t) = sign{t) ^F{i)F'{t)^ -q^k^ for t G R. 

As in the nondegenerate case studied in [5], we would like to use the function 

0(x) = r/(x) p G(n(x)), x G fi, 

as a test function in (|2.10p . where rj G Lip (O) is any of the cutoff functions provided by (|1.14p . 
and u G W£ p (n) is a weak solution of the differential equation (jl.ip . In order to show that eft a 
feasible test function, we begin by showing that there is a sequence C R + , k /* oo, such that 
if we choose these I's in definitions (|2.16p and ()2.17p . then G(u) G Wq P (Q). 

Lemma 2.8. Let u G L a (Q), a G [l,oo), u > a.e. in $7. For any I G R + ; Ze£ £| = {i £ fl : 
u(x) = I}. Then the set 

£ = {/ g R + : \Ei\ > 0} 

is countable. 

Proof: We claim that for every e > 0, the set S £ = {/ > e : \Ei\ > 0} is countable. For j G N, 
let S e j = |/>e: > i|. Then S e = U JgN S £ j, and it is enough to show that each E e j is 
countable. Fix e,j and let {/« : i G /} be a sequence of distinct points in S e j. Then 

/" u a dx> /" = V /fl^.l > — Vl. 

Since u G L Q (il), it follows that E e is actually finite, and the claim follows. Since Sj_ is countable 

m 

for every m G N, the set 

{I > : > 0} = II 

— m 

meN 

is countable too. Thus the set S = {/ > : \Ei\ > 0} is also countable, which proves the 
lemma. □ 

Corollary 2.9. Given a sequence {lijjieN C L a (£l), there is a sequence of positive numbers 
lj /* oo such that 

\E itl .\ = \{x G n : \ Ui (x)\ = lj}\ = foralli,j&N. 

Proof: The sets Sj := {/ G R + : \En\ > 0} are countable for every i by Lemma [2. 8 \ and hence 
the set E := (L Ej = {/ G R + : |-Ej j| > for some i} is countable. Then R + \ E is uncountable, 
and in particular there is a sequence {/j}j £ N C R + \ E such that lj /* oo. Since lj G R + \ E for 
every j, we have 

|£^|=0 foralH,jGN. 

The corollary is proved. □ 

The next fact can be proved in a similar way. 

Corollary 2.10. Given a sequence {uijieN C L a (Q), there is a sequence of positive numbers 
■\j \ + such that 

\E l)X] \ = \{x G n : \ui(x)\ = Xj}\ = for alii, j G N. 

Lemma 12.81 and Corollaries 12.91 and 12.101 provide a means to avoid using the notion of regular 
gradient introduced in [SW2]- This simplifies some technical aspects in [SW2J and leads to 
relatively short proofs of results like Theorem 12.111 and Lemma 14.21 
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Theorem 2.11. Let k > 0, q > 1, [i = pa — 1, /3 = (/i + 1)<? — /i and i = |t| + /or every i G R. 
Given a function u G H^g P (r2), f/iere exists a sequence lj /* oo such that if we define 



Fj(i) 



t q k<t< lj, 

i /_..._... . , ^ _ 



gZT 1 ? - (g - t>lj 
Gj(t) = sign(t){F j (t)F^-q^} forteK, 
then Gj(u) G Wq P (VL) for all j, and 

(2.18) y/QV (Gj(u)) = G'j{u)^/QVu a.e. in Q. 

Remark 2.12. In the proof of Theorem \2.11[ we will use the following facts for every j G N: 
i) Fj G C 1 ([k,oo)), with 

{qio- 1 k<t<lj, 
[qlf 1 I>l jt 

\q{q-l)i q - 2 k<i<lj, 



t>lj. 



ii) 0<F i (f)<giJ- 1 t + lj, 
< F'(i) < qlf\ 

Fjit) > and F'-'(t) is a bounded function away from t = 0. 

iii) Gj G C°(R) and Gj is differ entiable everywhere except at ±(lj — k) where it has "corners". 
Indeed 

G^t) = F'^ + plF^F"^®^ 

J g M+l^+l)(g-l) + _ l)gM^+9-2+(?-l)(M-l) < |t| < - fc, 

j^+i^+D^-i) |t|>i;-fc, 

f Pqitfo+lXq-i) < |t| < Zj - fc, 

1*1 > Z y — Jfe, 

(q-^F^t)^ 1 < \t\ < lj — k, 

[F^i)^ 1 \t\>lj-k. 

The discontinuity of Gj at is removable. 

iv) \Gj(t)\ < F 3 {t)F>(iT < (qlf 1 )" F 3 (i), 

< G' 3 \t) < q~ 1 PF<{^+ 1 < q- l plf- 1){fl+l) q» +l = /3a^/^ +1){ ^ 1) < oo. 

Proof of Theorem 12.111 Let u G Wq P (Q) and {uj} C Lip loc (Q) be a sequence representing 
u. Then up to subsequences, 

m — »• « in Wq' p (Q), 

— ?■ u in L p (£l) and a.e. in and 

y^Vtii — ► x/QVu in [L p (fi)] n and a.e. in 0. 

Use Corollary 12.91 to choose a sequence Vj f~ oo such that 

\ E i, rj \ = \{x € : k(rr)| = r^}| = for i, j G N, 
\E rj \ = \{x G fl : |n(x)| = rj}| = for j G N. 

Define L = rj + k for j G N. 
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Claim 1: Gj{ui) G Lip loc (fi) for every i,j G N. 
By the fundamental theorem of calculus, 



Gj(t) = / G'Js) ds + G(0) for all t G R, j G N. 



Then for x, y G ft, 



iGjiuiix^-Gjiniy))] 



Ui(x) 



G'As)ds 



< WG'A^Uiix) - Ui(y)\. 



Since HG^-Hoo is finite by Remark 12. 121 and since u, is locally Lipschitz continuous, it follows that 
Gj(ui) G Lip loc (f2) for every i, j G N. In particular, V(Gj(ui)) is well-defined a.e. in £1. 
Claim 2: For almost every x G fi, 



(2.19) 



V(Gj(ui))(x) = G'j(ui(x))Vui(x) for all i, j G N, and 



/ \^QV{Gj(ui))\dx < oo. 
Jn 



Indeed, consider such that 



i) Vtij(x), V(Gj(ui))(x) are defined, 

ii) ^ lj — k = Tj for every i,j. 

Then Gj(t) is C 1 in a neighborhood of Ui(x), since Gj(t) has corners only at t = ±(lj — k) by 
Remark 12.121 By the chain rule, formula ()2. 19[) holds at the point x. 

Since the set of points for which either (i) or (ii) does not hold has Lebesgue measure 0, formula 
()2.19p holds for a.e. x G $7. Thus for every i and j, 



QV(Gj(«i)) dx 



I G'a (ui (x) ) 1 1 vQ Vui (x) I dx 



< HG'Joo / \^/QVui(x)\ dx < oo. 
Jn 



Claim 2 follows. 

Claim 3: Gj(ui) — > Gj(u) a.e. in fi and in L p (Vt) for all j. 
Since Ui — > u a.e. in Q and Gj is continuous for every j, we obviously have that Gj(ui) 
a.e. in £1 for every j. Then 



Gj(u) 



\Gj(ui) - Gj(u)\ p — > a.e. in 0, for all j G N. 
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We also have for every i£ !1 that 

- < 2P(\G 3 (u t W + \G 3 (u)n 

< 2? (if^w \F;(u t )r + \f^)\ p wmr) 

< 2v( q lf 1 ) P \\F j (u i )\r + \F j (u)n 

< 2-(,/r i ) w (^r^ + /j) p + (,/r^ + /j 

(2.20) < 2 2p (f~ X Y + (f~ X y^ + 2l T ) 

2 2p (qlf i y*mm((qlf i y,2lf') « + # + 1) 
2*«rm«(«) P ,2ff 



< 



< 2'>fgr i y M maxff g r i y,2lf 



((H + fcr + (|«| + fc) p + l) 
P ,2lf) 

+ \u\ p + (2k? + 1)) 



< 



(2F + l)(|n l | p + |n| p + l) 
= C{p,<T,q,lj,k){\ui\* + \u\ p + 1), 

and + + 1) G L*(0) for every i G N. 

Since (|«i| p + |u| p + 1) — > (2\u\ p + 1) for a.e. x G and since 

+ = Kiii n . <i!B + ik^ + n 

2||n||^ + |fi| = / (2M* + 1) cfc, 

J O 

the Lebesgue Sequentially Dominated Convergence Theorem gives 

Gj(ui) — »• Gj(«) in L p (ft) for all j. 

Claim 3 is thus proved. 

Claim 4: v / QV(G j (u i )) — ► G^-(n)VQVn a.e. in Q and in [L p (ft)f, for all j G N. 
Consider a point iGlJ such that 

i) V(Gj(ui))(x) and \/QVn(x) are defined, 

ii) V(Gj(ui))(x) = G^(ui(x))Vui(x), 

hi) |u(x)| 7^ rj = lj — k and / rj for every 

iv) Ui(x) — > u(x), 

v) v^Vui(x) — ► ^QVu(x). 

The set of points which do not satisfy one or more of these conditions has Lebesgue measure 
for the following reasons, respectively: 

i) because Gj(ui) is locally Lipschitz for every i,j by claim 1, and u G Wq P (Q), 

ii) by claim 2, 

hi) by our choice of the sequence rj, 

iv) because Ui — > u a.e. in $7, 

v) because y/QVui — > y/QVu a.e. in Q. 

For any if!! satisfying all these conditions, 

y/QV(Gj(ui))(x) = G'A Ul (x))^/QVu t (x) — > G'Au(x))^/QVu(x) 
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since G'Jt) is continuous everywhere except at t = ±(lj — k) while |it(x)| 7^ lj — k. Thus, 

V / QV(G j (n i )) — ► Gj-(u)>/QV« a.e in SI. 
On the other hand, a.e. in SI and for every i,j € N, 

7QV(G j (u i )) - G;-(n)7QVn P = G^O^QVit* - G$(w) N /QVu| P 



< (\& j (ui)\\y/QVu i \ + \G , j (u)\\y/QV 

< 2P (llG^IISo \VQ^ u i\ P + \\ G 'j\\ P oc \VQV 

< 2 P (^& +m ~ 1) ) P ( WQVuiP + \VQVu\A , 



and the functions on the right in the last inequality belong to L 1 (fi) for every 
Also, (\VQVui\P + \y/QVu\ p ) — ► 2\y/QVu\P for a.e. x £ SI, and 

/ (\y/QVvi\ p + \y/QVvf) dx = llA/OVtiill^ + Hv^Vtili;^ 

-> 2|| > /QV«||J )n . <to = / 2|VQVu|*dx. 

is] 

Then by the Lebesgue Sequentially Dominated Convergence Theorem we have 

y/QV(Gj(ui)) — »• G;(u)7QVu in [L p (0)] n for all j G N. 
Claim 4 is thus proved. 

Claims 3 and 4 together prove that Gj(u) e that {Gj(ui)} i S N is a sequence of locally 

Lipschitz functions in SI which represents Gj(u) and that 

V / QV(G i (u)) = G'^s/QVu a.e. in SI, 
which is formula (|2.18|) . □ 

3. Proof of Theorem 11.21 

Step 1. We will use the notation 

ML. -7- := IML o rrz = I / M a dx| = [ -f \w\ a dx 



'a;dx ' II ''a,B r ;dx \ 



for any a > 1, any function u> and any p-ball -B r = B{y, r) with < r < n(y). For fc > 0, define 

£ = \z\ + k, z € R, 

6(x) = 6(x) + k 1 ~ p e(x), x £ SI, 

h(x) = h(x) + k~ p g(x), x £ SI, 

d{x) = d(x) + k 1 - p f(x), x £ SI. 

Then the following new structural inequalities for the coefficients are easily obtained from (|1 .3|) 
with 7 = 5 = p: 



S-A(x,z,0 > a^^Qix)-^ -h{x)z p , 



(3.1) A{x,z,0 < a\ V r Q{x)^\ p - 1 + b(x)z p - 1 , 



\B(x,z,0\ < c\^/Q{x) ■ i^ 1 + dix)^- 1 . 

In fact, when we deal with a specific solution pair (it, Vu), as is the case in Theorem 11.21 we 
will only need to assume the analogue of (|3.ip in which z and £ are replaced respectively by it(x) 
and Vit(x) for all x £ SI. 

Now consider the functions Fj(t) and Gj(t) defined in Theorem 12.111 Let r/ £ Lip (H r ) be 
any of the Lipschitz cutoff functions provided by (|1.14|) for a />-ball B r . Then by Theorem 12.111 
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Corollary 12.21 and Proposition 12. 71 each function (fj(x) := r]{x) p Gj{u{x)) is a feasible test function 
in (I2TT0D . 

In order to simplify notation, we will not explicitly show the dependence of A, A or B on the 
variables x, u(x) and Vu(x). Also, we will often not show the dependence of any function of x 
on x. 

Step 2. We start by deriving some pointwise estimates which give lower bounds for X7(pj-A-\-ifjB. 
By the structural conditions (|3.ip . 

Vifj ■ A + ipjB = ^J~QV(pj ■ A + ifjB 

= prf^Gj^^/QVr) ■ A + rfG'j (u) ^QVu • A + rfGj(u)B 



> V p G'(u) 



QVu 



hu p 



-prf \Gj{u 



Then it follows from Remark 12.121 that 

Vipj-A + tpjB > a~ l rfF'AuY +1 \\fQVu\ p 



rf\Gj(u)\ 
'QVrj\ 

i-0 — i 



QVu 
a\ ^/QVu 



ij>-i 



p-i 



+ du p ~ 
+ bu p - 



r] p Fj{u)F'AuY c|VQVuf ~ + du p 



^F'^uY^rfhvP - prf^bFj^F'^u)^ 



QVt]\u 



p-l 



-aprT 1 F j (v)F'Au) tl \y/QVri\\y/QV 



it 



p-i 



a- 1 ri P F;{uY +1 - p \F^u) y fQVu\ p 

-crf+^Fj^F^uY+^lrtF^tO^QVu 
-prf^bF] {uY +1 - p | Fj (u) yfQVr, \(Fj( 



u)u) 



p-l 



-apF'AuY^'^Fj^^/QVrjllrjFA^^/QVul 



.p-i 



-hPq- l rf{F' J {u)u) p F' j (uY +1 - p 
-dFj^rflF^u)^ 1 ^' 
> a- 1 r ? PFj(n)^ +1 - p |F;(u) v / QV 



F' j {uY +1 - p 



-erf ' - *F j (u)F' j (u)^ 1 ^\riF' j {u)y/QVu\ 
-pq^^bF^uY^^lFji^y^VrilFjiu)^ 1 
-apF; (uY +1 - p | Fj (u) ^/QV V 1 1 r/Fj (u) ^/QVu\ p ~ 1 

-hpq p - 1 rfF j (uYF' j {uY +1 ~ p 
-dq p - l rfF j {u) p F' j {uY +1 - p . 

Although the last two terms are identical apart from the multiplicative factor (3, we will treat them 
separately in order to simplify calculations later in the corollaries following our main theorem. 
By Lemma 14.21 in Appendix 1, we can replace |-v/QVu| by l-v/QVu] in the previous inequalities. 
Setting Vj := Fj(u), we have y/QVvj = F'-{u)y/QVu by Lemma I4TT1 in Appendix 1. Thus 

Vcpj-A + ifjB > a^ 1 Fj(uf +1 - p |? ? yQV^| p 
-crf +l -^v j F' j {uY +1 -^\ 
-pq' J 



'u 



iV-i 



■q^JQVv, 



(3.2) 



, p - l rV-HF'AuY+ l ~ p \ 



If 



3 

\fi+l-p\ 



-apFj(u) 
-W^rfv^F'^i 



QVrj\v 



p-i 



ip-i 



\H+l-p 



dqP-^rf^F'^i 



\H+l-p 
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Now, recalling that u is a weak solution of (jl.ip and that rj and thus ipj have support in B r , we 
have 

(3.3) / [Vtpj ■ A + ipjB] dx = [Vipj ■ A + ipjB] dx = 0. 
J B r Jn 

Integrating (|3.2|) over dividing by \B r \ and rearranging terms we then get 

a' 1 i F^u^+^lrj^/QVvjf dx < ap i F](uY+ X ~ p \vj^/QVr}\\r)^QS]v^~ X dx 

J B r 

(3.4) +i crf +1 -^v j F$(u)» +1 -^\r ] y/QVv j \ f ~ 1 dx 

+Pq p ~ 1 i hrf^F^ +1 - p dx 

J B r 

+q p ~ 1 i drfv p F^(uY +1 ~ p dx. 
J B r 

Step 3. Our next aim is to apply Young's inequality to the first and third terms on the right 
side in order to absorb all terms containing \r]\fQVvj\ into the left side. We begin by noticing 
that for any 9 > 0, 

\vjVQVvl\vVQVvir 1 < 0\vVQVvi\ P + g^i\ v iVQVv\ P ' 



Hence 



■f F'^uY+^Vj^/QV^ri^QVvj^dx < 9 -f F' j {u)> 1+1 - p \7 ] ^/QX7v j \ p dx 

J Bj- J Bp 

+ 0^l£ Ffar+^lv^Vvr'dx. 



(3.5) 



In order to deal with the third term on the right side of (|3.4p . we use Young's inequality with 
exponents and p+ p _^ ■ Setting v = £Mi i) ^ we g e ^ f or an y $ > q that 



crf+^VjF'^uf^^^s/QVv^ l dx 
(3.6) =/ c^+^v^iuY+^-^F^uY^^QVv^-'dx 

J By 

<e-f Fj(uY +1 ' p \vVQ^ v j\ P dx + -f ct+^rfvp-*-* Fj(uf~^=^dx. 

J B r p-\-i—tp J B r 

We explicitly note that > 1 and v > by ()1.20p and since \x = pa — 1; see also Theorem 12. Ill 
Moreover + 1 — ip — > 0. 
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Combining (|3.5p and (|3.6j) with (|3.4p . and choosing suitably small, we obtain 

*/ Br L J Bf 

+g 7-ii r? P- 1 6Fj(u)^+ 1 -P|7QVr ? |^dx 

J B r 

(3.7) +-/ ci+^? rfvj**-* (uf~ dx 

J B T 



+q p - 1 j drfv p j F' j (uy +l - p dx 

J Br 



for a positive constant C = C(p,a,a). 

Step 4- Now we would like to pass to the limit as j — > oo in (|3.7p . By Theorem 12.111 both 
{Fj(t)}j and {Fj(t)}j are nondecreasing for every i. Then the three sequences Vj = Fj(u), F'-(u) 
and = F'-(u)\y/QV u\ are nondecreasing. Indeed 

Vj / u q , F}(u) / gu 9 " 1 , ITQV^I / gu^^TQVnl 

a.e. in 0, as j tends to oo. Passing to the limit in (|3.7p and using the monotone convergence 
theorem then yields 

q» +l j 4 q - l ^ + V\risfQVu\ p dx < C |V +1 - p i u^-^+^+^^/QV^ dx 

J Br \ J Br 

+q nX r f- 1 6|^QV7 ? |u^ 1) ^ +1)+p dx 

J B r 

(3.8) i £,^+^^^(9-1)^+1)+^+^^ 

J B r 

+f3q» -f hrjPu^-^+^+P dx 



B r 



+q^i drfu^-^+^+P dx 
J B r 

= C{I + II + III + IV + V}, 



where the integrals may not be finite. 

Step 5. We will estimate II, III, IV and V separately. Define 

(i) Y = ( M +l)(g-l)+p J 

(3.9) (ii) t = j and 



(in) T = n 



p + l — ip 
if)-l 



p + 1 — tp 



We begin with term II: 



II = q^f 7] p ^ 1 b\y/Q\7r]\u Y dx 

JB r 

= q^ ~T b\ \/QVr]\u'p (rju^') p ^ 1 dx 



_Y_ , Y_ 

b\ y' QVr]\u 

By 

(3.io) < q^mvQv^w ^ii^ir.^ 

per— p + 1 ' P u i u " ij 



2N 
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by Holder's inequality with p ^- + pcr p ^! +1 = 1. Use Holder's inequality again on the first factor 

with —, — %rm + ^ttt-ti = 1 and apply Lemma 14.51 to the second factor to obtain 
p(cr— lj+l p(ct— i)+i ' J ' 



II < Cq^ r 



pa 

(<7-l)(p-l) 



;dx 



upy/QVri\\ 



p;dx 



p;dx 



Noting that 
and setting 

(3.11) 
we have 

(3.12) 



p'a' 



pa 



(p-l)(a-l) 



B = r p - 1 \\b\\ p ^ and 



-— -— / — _— — l / — 

x = \\rjup || p . s , y = ||wp VQ Vr 7llp;d^ 2 = Ip p W<2 Vn l 



p;dx' 



II < Cq^By p + Cq»B(—y ^ \z v ~ x + Cq^By^j 

-/Y\p-i i 
+ Cq»B(—} yz p ~ l . 



'X\P~ 1 



Cq» By p + By 



P 

X\P~ 1 



We now use Young's inequality on the second and third terms of (|3.12p . Fix si £ (0, 1) to be 
chosen precisely later in the proof. Then, since p' = and q ~ Y, 

r- - / T \pi BP /Y\p(p-1) -2- 

JJ < Cg" 5y p + £?V + ( - ) + Cq p ^ (-) y p + s^ 1 z p 



r 

X\P 



< Cq» \By p + B p y p + (± J J + C<f^~^ -^y p + sf' 1 z p 

< Cq p ^+ p -V (i + -) P (yf + ^) + sf 



' 1 z p 



5\ p 
si 



We next estimate III. Fix e\ € (0, 1] as provided in the hypothesis. Then 



III 



JJ r 



13 r 



" t r]up +t p (rjup) p 1 dx 



dx 



(3.13) 
(3.14) 



ip-1 



< qr\\<rrru*-- *\\_ B *.j£\\T)u* n 

■pa— yv jihdj 

= g T ||c*n* _p (r7'U^) ei (r/u^) 1 ~ <E1 ||_p 2 _.^: 



per— p+1 



,p-i_ 

'p<r;dz 



where Holder's inequality with ^— + 



on p, a, ei we have 



2— - 1 - pcr p+1 — 1 was used to obtain (|3,13p . Due to the restrictions 
pa — p+1 



(«) 



> 1 and 
crei 

0"(P - ei) + 1-p 



1 - e 



> 1. 



Therefore, by Holder's inequality applied to the triple product in (|3.14|) . 
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III < q T \\c t u t -P\\ i P , ,. ^\\yuT\\l)-\\r,uT\\^l.. 



— _ — 

, .... Jp \\ ei -r- WVU v n 

(p_ ei) ( CT _i). c!:c "p;dx "pa;dx 

Now use Lemma l4,5l on the last factor to obtain 



III < CV-ll.'fi-l^^^lk^ll^ 



Setting 



(3.15) C = r p ||c*u*- p | 



/// < C g r C + CfGf?-)™ + C7/C 



( p _ ei )( CT _i). 

and making the substitutions given by (|3.1ip yields 

. p J \r J \r - 

/ p \ ' p 

Fix S2 £ (0, 1) to be chosen later, and note that — = . Then, using Young's inequality 

vei/ p-ei 

in (|3.16|) in a similar manner as in (|3.12|) . we have 

III < Cq n (l + 1 [y p + — x p j + sf"' 1 z p 

p(T+ P -n) ( ( C\n\ / 1 \ -B- 

< Cq-^il+^-j j(y p + -x p ) +S r^ P . 

Terms IV and V are estimated in the same way as III. Fix 62, £3 £ (0, 1]. For S3, S4 £ (0, 1) to 
be chosen later, and with 

(3.16) (i) H = r p fh\\ V a - x and 



(**) £> 

we have 



(p-e 3 )(cr— 1) 



p( M+ l+p- £2 ) / (H\^\ / 1 \ — ^ 

(3.17) TV < q f 1 + I- 1 (> + — x p J + sf' 2 z p 
and 

P(M+P~^3) / fD\~^\ / 1 \ 

(3.18) V < Cq * I 1 + f - J 1 (> + -a*) + 3 ^ 

S^ep Set e = min{ei, £2, £3} and choose si, S2, S3, S4 depending only on p, ei, £2, £3 so that 

p p p p 1 

„p-i 1 „p-n 1 „p-^2 , p-<=3 < _L_ 

6j "I" S 2 -|- S3 -t- S 4 ^ 

where C is as in (|3.8p . Then there is a c* = c*(e,p, <r) > so that (|3.8p becomes 

'^( i+ (!)' + (i)* + (D* + (S)*)(^ 

< Cg c * p (l + 5 + C^+#^+M) P (y + ^ 
where C now also depends on si, S2, S3 and S4. Taking p th roots and setting Z = (l + B + C c i + 



+ i> 3 J as in (fL2T]) . it follows that 
(3.19) VQVu|| p; ^ < Cg c -z(||72T v / QV»7|| p; ^ + 
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Using Lemma 14.51 and estimate (|3. 19j) we have, with 6* = c* + 1, 

Y , / Y \ Y 



Wvu~\\ pa .^ < Cr\\y/QV{rtuTy\ F ^ + C\\rjuT\\ r;s 
(3.20) < Cr{\\u7^QV V \\ p ^+ {^)\\u^-\^Vu\\^} + C\\rfi\^ 

< C^z{\\Tft\^ + r\\t$y/QV V \\^}. 



Step 7. We now use the accumulating sequence of Lipschitz cutoff functions in (|1.14p . For any 
$7' C f2, let x n , : ^ — ^ R be defined by 



i if x g n' 
o if x $ n'. 



For each j, let Sj = supp rjj and recall that r\j = 1 on Sj + \. Since s* > pa' , there exists s so that 
1 < s < a and s'p = s* . Then for each j, 

W^X S]+1 Wpcfc ^ Cq b *z{\\vJxs 3 ll K S + A\VQ^Vj\\ s *,B r ^\\^X Sj \\ sp -4i) 
(3-21) < C q b *ZN^\\u^XsX^ 



Rewriting ()3.21[) so that u appears to power 1 inside each norm, we see that 
(3-22) \\*X8 i+l h Y i& * (cZN'tt*)*\\*Xs j \\.Y&' 

Note that oY > sY since 1 < s < a. Thus, u G L sY (Sj) implies the stronger inclusion u G 
L aY (Sj+i). We will use this fact and a Moser iteration to obtain the conclusion of the Theorem 
[L2l Set X = ~ > 1 and let q = 1. For each j G N, choose ^ > 1 so that Yj = + l)(qj - 1) + p 
and K = pX J . With Yq = p, we have 

(3.23) Yj- = P X j for j > 0. 

Choosing Y = Yj in (|3.22[) gives 

(3-24) ||u Xfl , +1 \\ spXj+ ^ < {CZf-'N^qf*- 3 \\u Xs . \\ spXi .^. 

Let = Yl'jLi and ^ = Y^=i3^~ J ■> recalling that X > 1. Then, since gj ^ A"- 7 and 
B Tr C 5j for each j G N, we obtain 



(3-25) IfeJU^ < (cz)* 1 ^ 6 -)* 8 !!^!!^; 



Let r]o G C^{B r ) be a nonnegative cutoff function so that S\ C {x : ??o( a; ) = 1} and r/o < 1 in 
B r . Then since Yq = p and qo = 1, (j3.20p and ()3.25p imply that 

(3-26) feaJUi+ijE < C^ 1+1 (^)* 2 II^IL P ,^;^- 

Since this holds for every j G N, it follows that 

(3-27) \\uh~(B Tr )<CZ*°\\u\\ sP}Br .^ 

oo 

where = ^ J an d C are independent of u,r,b,c,d,e, f,g,h. This completes the proof of 

j=0 

Theorem 11.21 □ 
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4. Appendix 1 

In Appendix 1, we will prove some facts used in the proof of Theorem 11.21 that are related to 
the chain rule and the iteration process. See also [SW2J for results related to the chain rule. 

Lemma 4.1. Let (u,Vu) G W^ p {Vi) and <p G C X (R) with 4>' G L°°(R). Then <p(u) G Wq' p (Q) 
and 

\/QV (4>(u)^ = eft' (u)\/~QVu a.e. in Q,. 

Proof: Let {uj}j & ^ C Wq P {VL) nLip loc (f2) be a representative sequence for (u,Vu) G Wq P (Q). 
Then as usual, up to subsequences, 

(4.1) Uj — > u a.e. in £1 and in L p (£l), and 

a/QVuj — > \/QVu a.e. in Q, and in (L p (Q)) n . 

Claim 1: (f)(uj) G Lip loc (f2) for every j. Indeed, by the fundamental theorem of calculus, for 
every x, y G 



\4>(uj{x)) - 4>(uj(y))\ 



Uj (x) 



u iiv) 



4>'(t) dt 



< \W\\oo\uj(x) - Uj(y)\, 



and the claim follows from Uj G Lip loc (r2). 

Claim 2: 4>{uj) —> <j)(u) in L P {Q) and a.e. in fi. In fact, since Uj — > u a.e. in and (j) is 



continuous, then d>(u 



'3 / 



(u) a.e. in Q. Also, 



0(0)+ / <j)'(a)d8 



< 



+ 



\t\ := B Q + A Q \t\. 



Then 



^(uj) - ^(u)\ p < 2P(|^)| P + |0(n)| p ) 

< 4P (2B P + A p \ Uj \ p + A p \u\ p ) 

< c(l + \ Uj \ p + \u\ p ). 

Since l+|tij| p +|n| p — > l+2|ii| p a.e. in f2 and in L 1 (il) by relation ()4.ip . by Lebesgue's Sequentially 
Dominated Convergence Theorem implies that 

(f)(uj) — cj){u)\ p dx 0. 

Claim 3: y/QV (<f)(uj)) — > <p'(u)\^QVu a.e. in Q and in (L p (f2)) n . Indeed, since Uj and (j)(uj) 
are locally Lipschitz, their gradients exist a.e. in Q, and 



/ QV(^(ii j )) = fiiu^y/QVuj a.e. in Q. 
Since is continuous, (|4.ip gives -v/QV((?!>(wj)) — > (/}'(u)\/Q\7u a.e. in Q. Moreover, 



QV(0(%)) -<f>'(u)^QVu\ 



< 2 p (|7QV(0(n,))r + ||0 , ||g o | x /QV U | 

< 2 P U ! \\ p (\^QVu ] \ p + \^QVu^ 



and jA/QVtij^ + Ia/QVu^ — >■ 2|\/QV«| a.e. in f2 and in L 1 (il) by (j4. 1|) . Again by Lebesgue's 
Sequentially Dominated Convergence Theorem, 



QV(</>(uj)) - 0'(u)yfQVu\ p dx -> 0. 

Therefore, the sequence of locally Lipschitz functions {0(u.,-)}j g N C Wg P (r2) is Cauchy in Wq P {VI) 
and defines an element of Wq P (Q) having <ft(u) as its L p -part and cj)'(u)y/QVu as its gradient-part. 
This completes the proof. □ 
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Lemma 4.2. Let u G Wq P (Q) and k G R. T/ien i/iere exists u G Wg P (f2) whose LP -part is 
\u\ + k and whose gradient-part Vu satisfies 

,. \ r^r, / \ I \/ Q(x)Vu(x) if u(x) > 0, „ 

4.2) JQ(xWu(x) = I v T-Ar /s , ( a.e. n fi. 

V 7 J \ ) J-y^QO^Vufa) i/n(x)<0 

Remark 4.3. Choosing k = 0, it follows that if u G Wg P (ri) f/ien |tt| G VFq P (0) ; and £/je 
gradient-part of \u\ satisfies (|4.2j) . 



Remark 4.4. For u, A; and n as in Lemma \4.2[ \^/Q'Vu\ = \ ^/QVu\ a.e. in f2. 

Proof of Lemma [4721 For any 6 > 0, define <fo : R -> R by <fo(i) = (t 2 + (9 2 )5. Then 

• 0e G C X (R) with $(t) = t/{t 2 + 2 )^ and <f/ g G L°°(R), 

• < e (t) <\t\+9 and < 1 for t G R, 

{1 if t > 0, 
if i = 0, 
-1 if t < 0. 

Now let n G Wq P (Q) and A > be such that |{i G : \u(x)\ = A}| =0. Let {nj}j £ N C 
V7g P (r2) nLip loc (f2) be a representative sequence for (u,Vu). We may assume as usual that 

uj —> u a.e. in $7 and in L p ($7), and 
yQVuj — > \/~QVu a.e. in O and in (L p (f2)) n . 
Keeping A fixed, let ipj^\(x) = (j)i(uj(x) + A) for x G f2. As shown in the proof of Lemma l4.1[ 

3 

(fj^x G Lip loc (r2) for every j and (fj t \ — > \u + A| a.e. in 17 and in L P (S7) as j — > oo. Moreover, since 
n / —A a.e. in $7, 

/7Tv7 / \ . t/ / \ J VQVu(x) if n(x) > -A, 
y/QVVj,\(x) -> V X (x) :=< 

I — vyVti(i) if n(x) < —A 

a.e. in SI and in (L p (Sl)) n as j — > oo. Then {^aIjgn C Wq P (Q) is a Cauchy sequence and thus 
defines an element (fx G Wq P (Q) having \u + A| as its L p -part and V\ as its gradient-part. 

In case |{xGO: \u{x)\ = 0}| = 0, we choose A = in the preceding argument and conclude 
the proof of the lemma. In case |{x G Q : \u(x)\ = 0}| > 0, choose a sequence A m \ such that 
(see Corollary |2~1~U|) 

(4.3) \{x € n : \u(x)\ = X m }\ = for all m. 

Then <px m = \u + A m | — )• |u| a.e. in f2, and since 

|^ + A m | — |n|| p dx < AfJ^I, 



y/QVu{x) if n(x) > 0, 
-V'QVu(x) if u(x) < 0. 



we also have that (px m — >• |n| in L P (S1). 
Let us show that for a.e. if!!, 

^ m (x)^F(x) := 

Indeed, if u(x) > then u(x) > — X m , and hence V\ m {x) = ^/QVu(x) for all m G N. On the 
other hand, if u(x) < then u(x) < — A m for all large to, and then V\ ro (x) = —yfQS7u{x), again 
for all large m. 
Since for all m, 

\V Xm - V\ p < 2P(\V Xm \ p + \V\ P ) = 2P +1 \ x /QVu\ p , 
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Lebesgue's Dominated Convergence Theorem yields that V\ m — > V in (L p (f2)) n . Then {</?A m }meN 
is a Cauchy sequence in W^ P {Q), and it converges to an element of Wq P (VL) having \u\ as its LP- 
part and V as its gradient -part. We denote this element by \u\. Finally, since \u\ G Wq P (Q) and 

k G Wq' p (Q) with y/QVk = for every k G R, we obtain that u = \u\ + k G W^ p (£l) and (EQl) 
holds. The proof of the lemma is now complete. □ 



Lemma 4.5. Let k > 0, u G VFg P (r2) 6e a u>ea£; solution of andu = \u\+k. Let r\ G Lip (Q) 

and supp(rj) C .B /or a p-ball B = B(y,r) with r < r±(y). Let (jl.9p and Sobolev's inequality (|1.13j) 
6e irae. Suppose that (j!.15[) ZioWs /or £> and n ; and a/so i/tat, /or t > 1 as in (jl. 15[) . condition 
(|1.16p ao/ds /or with t' given by 1/t + = 1. // g > 1, p > 1, cr > 1 and 6* > 0, iaen 



i 

(q-l)9+p \ P<r 

P<T dx < Cr 



(q-l)6+p 



(4.4) 



_ (q-l)e+p 

\U P 



1 

init p yQVui dx 



B 



QX7n\ p dx 



B 



+c 



\rju 



dx 



B 



where the integrals may not be finite. 
Proof: For any I > 0, let 



m) 

Then Hi G C 1 (R) with 



t 



v 

(g-l)0+p 



"sign(i) 



(q,-l)8+p 
P 



if t < 
if \t\ < I, 
if * > Z. 



H[{t) 



and H[ G L°°(R) with ||#/||oo < 





V 


(9- 


-i)e+ P 




V 


(9- 


-l)8+p 



(9-1)9 
l~i~ 

(9-1)9 
1*1 P 

(9-1)9 

Z^^ 



if t < -I, 
if \t\ < I, 

at>i, 



(9-i)e+P 



(g-i)fl 



Z p . Notice that H',(t) is nondecreasing in I for every 
i G R, while LL[{t) is nondecreasing in Z only for t > 0. 

By Lemmas S3] and El iJ;(u) G Wq' p (0) with VQV(i^(n)) = H[{u)y/QVu a.e. in O. Then, 

by Proposition 12.21 and the assumptions on n, r]Hi(u) G (Wq P )o(^) with support in 1? and 



By Sobolev's inequality (jl . 131) . 



\v H i( u . 



pa 



1 

per 

dx I < 



Cr 



+ 



Hi(u)y/QVri\ p dx 



B 



+C[f\rjH l (u)\ p dx 



Since u > in il, both LLi(u) and LL'^u) are nondecreasing in Z and 

(,-l)9+p 



id((n) — -u p 



P 
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a.e. in f2 as I — > oo. Passing to the limit in the previous inequality and using the monotone 
convergence theorem, we get 



wu 



pa 



dx 



B 



i 

pa 



< Cr 



+ 



(q-l)0+p 



_ (q-l)B 

WU p 



QVul dx 



B 



_ (g-pe+p 
\u p 



QVrj^dx 



+C 



wu 



i 

( q -l)B+p \ p 

— p — w.- 



dx 



B 



where the integrals may not be finite. This completes the proof. 

5. Appendix 2 



□ 



In Appendix 2, we will prove the following three theorems related to the structural assumptions 
about equation (jl.ip 

Theorem 5.1. Consider the differential equation (|l,ip : 

div(A(x, u, Vu)) = fi(x,tt,Vu). 

Suppose that the structural assumptions (|1 .3j) hold relative to a symmetric nonnegative definite 
matrix Q(x). If H{x) is another symmetric nonnegative definite matrix and 



(5.1) 



for all £ G R™, a.e. x G f2, 



then there is a vector A(x, z, £) such that 
A(x,z,i) ■■ 



£-A(x,z,0 > (Cia)" 1 y r W{x)^ P 



h\z\ 



A(x,z,o < (da) ^/W(xj^ P 1 + (ch)\z\^- 1 + (ch) 



B{x,z,0 < (CV C ) ^/W(x)-i " ^ + d\z\ 5 - 1 + f 



(5.2) 



/or £ G R ra , z£R and a.e x G f2. /fere, C is £/ie same constant as in (|5.ip . and a, 6, c, a!, e, /, g, h 
are as in (11.31). 



Next we will show that many linear equations satisfy (|l,3p . Consider the linear equation 

(5.3) dw(Q(x)Vu) +HR« + S'Gu + F« = / + T'g in fi, 

where Q(x) is symmetric and nonnegative definite, R = {Ri}f =1 , S = {Si}f =1 , T = {Tj}™ =1 
are collections of vector fields subunit with respect to Q(x), and where the operator coefficients 
H = {Hi}™ =1 , G = {Gj}" =1 and F as well as the inhomogeneous data g = {<?j}™ =1 and / are 
measurable. See also [SWlj . We will prove the following fact about such equations. 



Theorem 5.2. The linear equation (|5.3p satisfies the structural conditions (jl.3p with p = 7 = 
tp = 5 = 2 relative to the matrix Q(x). 

Finally, we will prove the next result concerning conditions (jl.3p and (|1.6p . 

Theorem 5.3. For the differential equation (jl.ip . the structural assumptions (|1.3p are satisfied 
if and only if (|1.6|) is satisfied. 

For the proofs, we will need some technical results which we collect in the following lemmas. 
We state the first two without proofs. 

Notation: For any k G N, we will denote the identity k x k matrix by 1^ and the zero k x k 
matrix by Also, (•, -) R fe and | • | R k will denote respectively the inner product and the norm in 
R fc . When we work in R n , i.e., when k = n, we will usually omit the subscript R fc . 
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Also, let Mat(n, R) be the set ofnxn real matrices, 0(n) be the set ofnxn real orthogonal 
matrices, and S nxn = Symm(n, R) be the set of symmetric nxn real matrices. For any Q G gnxn^ 
we will write Q > if Q is nonnegative definite. Since Q is symmetric and hence diagonalizable, 
the condition Q > is the same as assuming that Q has nonnegative eigenvalues. Finally, if 
Q,H G S nxn , we will write Q > H if Q - H > 0, i.e. if (Q£,£) > (H£,£) for all £ G R n . 

Lemma 5.4. (%) IfQ,He S nxn with Q, H > 0, then Q + H > 0. 

(ii) If Q G <S nxn , Q > and M 6 Mat(n,R), t/ien M T QM > 0, w/iere M T denotes £/ie 
transpose of M . 

(Hi) IfQ£ S nxn , Q>0 and detQ / 0, then Q- 1 > 0. 

Lemma 5.5. If Q £ S nxn with Q > 0, there is a unique matrix \[Q G S nxn such that \/Q > 
and \fQ\J~Q = Q- Moreover 

i) A > is an eigenvalue for Q with eigenvector v if and only if \/A is an eigenvalue for \[Q 
with eigenvector v . 

ii) \fQ is invertible if and only if Q is invertible. 

Proposition 5.6. Let H,Q £ 5 nxn with Q,H > and suppose that there is a constant C > 
such that 

(5.4) ^(Q£,0 < (ff&O < C(Qe,0 V aK £ G R n . 

TTien i/iere is an invertible matrix M G Mat(n, R) suc/i 

(1) Q = M T HM, 

(2) v/Q = VFM = M T VH, 

(3) ^|e| < |M T e| < y/C\£\ for all £ G R". 

Proof of Proposition I5TBI Step 1. We claim that 

KerQ = Keri?, 

i.e., QC = if and only if H£ = for any £ G R™. Indeed, suppose Q£ = 0. Then (H£,£) = by 
([53]) and 

|V#£| 2 = (VH£,VhO = (VhVH£,0 = (H£,Z) = 0, 

i.e., \^H£, = and £ is an eigenvector of \fH for the eigenvalue 0. This in turn implies by Lemma 
I5.5l that £ is an eigenvector of H for the eigenvalue 0. Thus £ G Kerff. The same argument shows 
that if H£ = then £ G KerQ, and thus the claim is proved. 

Step 2. Assume that one of the two matrices is invertible, i.e., has empty kernel. Then by Step 
1 the other matrix is also invertible, and so by Lemma 15.51 both \[H and \J~Q are invertible. In 
this case, we may define 

m = (Viiy 1 ^. 

Then M T = VQ T ((\ / ^)~ 1 ) T = ^(v 7 ^)" 1 and hence 

i) M T HM = ^Q(VHy 1 ^/H^H(^Hy 1 ^Q = Q, 

ii) ^/HM = VH^Y 1 ^ = y/Q, 

hi) m t Vh = VQi^iiy 1 ^ = VQ. 

Thus in this case parts (1) and (2) of the proposition are satisfied. Next note that (|5.4p implies 
that both H — ^Q, CQ — H > 0. Then Lemma 15.41 part 2, implies that both of the following are 
also nonnegative definite: 

in - ^(Vtiy'QiVti)- 1 = (Vh)- 1 (h - Iq) (Vh)-\ 

ciVHy^iVijy 1 - i n = {^y l (cQ - h) {Vh)~\ 
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Equivalently, for every £ G R n , 

c((v / F)^ 1 Q(Vi : )" 1 e,o>iei 



lei 2 > ^(v^r 1 ^)- 1 ^), 



But then 



and |M T £| 2 < C|£| 2 . Thus we finally obtain that 

1 



lei < \m^\ < vc\t\ 



Vc 1 

which is part (3) of the statement. This proves the desired result in case both Q, H are invertible. 

Step 3. It remains only to consider the case when neither H nor Q is invertible since Keri? = 
KerQ by Step 1. Since both matrices are symmetric, each is diagonalizable. Moreover, eigenvec- 
tors related to different eigenvalues are orthogonal in R ra . 

Consider the subspaces V := KeiH C R n and V^. Then R n = V © V ± , and letting k = dimV, 
we have k > 1. If k = n then Q = H = n and the conclusion of Proposition 15.61 is obvious with 
M = I n . Thus we may assume k < n — 1. 

Now choose an orthonormal basis {v\, . . . ,Vk} in V and another one {ffc+i, . . . , v n } in V^. 
Then B := {v\, . . . , Vk, Vk+i, • • • , v n } is an orthonormal basis in R n . Let B' := {e\, . . . , e n } be the 
canonical basis in R n , and let O be the matrix which expresses the change of basis between B 
and B'. Then O 6 0(n) and 

Here Qi 6 Mat(n — k, R) is the invertible matrix associated to the bijective linear map Tq : V ± — > 
V 1 - defined by Tq(x) = Qx, expressed with respect to the basis {ffc+i, • • • ,v n } of V^. Similarly 
Hi £ Mat(n — k, R) is the invertible matrix associated to the bijective linear map Th '■ V 1 - — > V 1 - 
defined by Th{x) = Hx, also expressed with respect to the basis {^fc+i, . . . , v n } of V L . 

Since Q,H are symmetric and nonnegative definite, so are Qi,H\. Then we can apply the 
result from Step 2 to find an invertible M\ E Mat(n — /c,R) such that 

i) M^H 1 M 1 = Q 1 , 

ii) y^Mi = VQT = M^^Th, 



iii) -j^\w\ R „-k < \M\w\ nn -k < VC\w\ Rn ~k for all w G R" 



-k 



Vc 

Now define 



Then 



M?HM - 0- ( £ *r ) 00- ( * I ) 00- ( * £ ) O 



T I °* .„.£ .. 10 



M(HiMi 



Moreover, = O t ( ° Q fc J^- ^ O and = O t f ° Q fc JL. ^ O, so that 
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In the same way, 

m t Vh = o T 



k 

M 



Finally let £ G R" and n = 0£. Write 77 = with w G R n ~ fe and tj G R fe . Then M T £ 

° T ( 0* Mf ) 71 = ° T ( w ) ' Since G °( n )' we have 

\M T £\r™ = Mr* + I-Mfwlan-* 

< |u| R * + C|w| Rn _ fc 

< C(|f | R fc + |w| R „-fc) 

= C\rj\l n = C\0^ n = C\^ n . 

Similarly, |M T £| Rn > Thus 



|£|r" < |M J eiR" < VC|£|r», 
and the proof of Proposition 15.61 is complete. □ 

Corollary 5.7. Let Q(x) and H(x) be symmetric nonnegative definite matrices depending on 
x G f2, and suppose there is a constant C > so that 



(5.5) 



/or a// £ G R n and a.e. x G T/ien /or a.e. x G f2, i/iere is an invertible matrix M{x) such that 

(1) Q (g) = M T (x)H( x)M(x), 

(2) = ^H(x)M{x) = M T (x)^/W(x), 

(3) < im t (x)ci < ^ c e R n . 

Proof: This follows immediately by applying Proposition 15.61 at each point 16!! where (|5.5|) 
holds. □ 

Proof of Theorem I5.lt Let Q and H satisfy the hypothesis of Theorem 15.11 By Corollary 
15.7} for a.e. iffi, there is an invertible matrix M(x) satisfying properties (1), (2) and (3) relative 
to Q and H. For any such x, define 

Then by property (2) in Corollary 15.71 



A(x,z,0 = y/Q(x)A(x t z,Z) = y/H(x)M(x)A{x,z,S) = yjH{x) A{x , z , i) . 
Therefore, by properties (2) and (3), 



€-A(x,z,£) > a^y/Qix)^ -h\z\i-g 



VW(x)-Z -h\z\i-g, 



B(x,z,0 



< c 



+d\z\ 5 - 1 + f 



i/>-l 

< C— c 



1p-l 



^fH{x)-i T ^ + d\z\ & ~ 1 +f 
where a, b, c, d, e, /, g, h are as in (|1.3|) . In order to prove the third part of 

\r]\ = sup KC) 7 ?)! for any 77 G R n . 
CeRMC|=i 



we first note that 



: : !S 
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Then by property (3) in Corollary 15.71 



\M(x)rj\ 



Hence 



A(x,z,0 



sup \(C,M(x)r])\ 
C6R",|CI=l 

sup \(M T (x)C,v)\ 
CeRMC]=i 

< sup |M T (x)C||r?| < VC\t]\. 
CeR",ICI=i 



M{x) A(x, z, 



< VC 

< Vc 

< C*a 



p-i 



y/H{x) ■ £ P 1 + Ch\z[ 1 ~ 1 + Ch, 
which completes the proof. □ 

Proposition 5.8. For x G 0, consider a symmetric nonnegative definite matrix Q(x) and a 
vector field T(x) = Y^j=i tj( x ) = >*n( x )) which is subunit with respect to Q{x), i.e., 



(5.6) 



2 

(y^Ji( x )€i) < (QC^CjC) for a.e x £ 9, and all £ £~R n . 



i=l 



Then there exists a vector V{x) such that 

(1) T{x) = y/Q(x)V(x) for a.e. x G n, 

(2) \V(x)\ < 1 for a.e. if!!. 

Proof: Consider any point xq G at which (|5.6p holds with x = xq for every £ G R n . Denote 
T = T(x ) = (ti{x ),...,t n {x )), Q = Q{x Q ) and K = KerQ = {£ G R n : Q£ = 0}. Write 
R n = K (B K 1 - , and accordingly write T = T 1 + T 2 with T\ £ K and T 2 e K 1 . Then by ([52]) at 

|(T,0| 2 <(Qe,0 foralHGR". 

Choosing £ = Ti gives 

ITxI 2 = |(T,Ti)| 2 < (QTi,Ti) = (0,Ti) = 0, 

hence T = T 2 eX i 

We may assume that K $ R n , since otherwise Q = 0, T = and then the conclusion of the 
proposition holds at Xo by choosing ^(xo) = 0. Now note that there is an orthogonal matrix 
O G 0{n) such that 

Q = O t ( Qi ° 

where k = dimAT > and all the eigenvalues of Qi are strictly positive. Then 

^=^(^ „°>. 

Also, Qi is an invertible symmetric matrix which corresponds to the invertible linear operator 
Lq K i_ defined on K 1 - by Lq K ±(£) = Q£. Hence we may define 

. -l 



O. 



N = O t 



The matrix N is symmetric and 



7qa = o 



T 



/ Qi}' 
o 



In — 



n—k 



o 

Ok 







o k 



o. 



o 
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corresponds to the canonical projection of R n onto K 1 - . Since T 6 K- 1 -, we have T = ^/QNT. 
Now set NT = V. Then T = y/QV and 

\v\ 2 = su P|e | =1 |<y,0l 2 = su P|€l=1 |(ivr,oi 2 = su P | €l=1 |(T,ivoi 2 

< su m=1 {QNt,NH) = mp ]i]=1 (VQNC,VQm) = 1, 

where the inequality follows from the fact that T is subunit. Thus the desired result holds at xq 
and the proof of Proposition 15.81 is complete. □ 
Proof of Theorem 15.2b Rewrite (|5.3p in the form 

n n n 

dw(Q(x)Vu) + S'fiiU -Y J T' i g i = f - ^ H^u - Fu. 

i=l i=l i=l 

Since the vector fields Ri, Si, Ti are all subunit with respect to Q(x), Proposition 15.81 shows that 
they can be expressed as 



(5.7) Ri(x) = s/Qi^R^x), Si(x) = ,/Q@)$i(x), T^x) = ^Qi^fi(x), 
where 

(5.8) \Ri(x)\ < 1, \Si{x)\ < 1, \fi(x)\ < 1 
for every i and a.e. i£fi. Now write Ri, Si, Ti, Ri, Si, Tj as 

n d 

R ii x ) = y^fyj( x )ifc- = [Rii( x ), ■ ■ ■ ,Rin{x)), Ri(x) = (Rn(x), . . .,R in (x)), 
j=i i 

and similarly, 



Si(x) = (Sn(x), . . .,S in (x)), Sj(x) = (Sji(x), . . . ,S in (x)), 
Ti(x) = (Tn(x), . . . ,T in (x)), fi(x) = (Tn(x), . . . ,f in (x)). 



For every i, j = 1, . . . , n and a.e x G Q, (|5.7p gives 

n n 

Sij = ( Si ) j = {Vqs^ = 53 (VQ) Jk (s t ) k = 53 (VQ), k s lk , 

k=l k=l 

and in a similar way, 

n n 

Rij = 5^ {VQ)j k Rik, Tij = 53 {VQ)j k Tiki 

k=l fc=l 

where in the notation we have suppressed dependence on x. Letting R, S, T denote respectively 
the matrices [Rij] , [Sij] , [Tij] , we obtain for a.e. i£S! that 

n , n n \ 

S'Gu = 53 S'iGiU = -div f ( 53 S ^ G i u ^ • • • > 53 S mGiu\ ) 

1=1 ^ i=l i=l ' 

(n n \ 

( (VQ)ik^GiU, • • • , 53 (y/Q) nk S ik GiU^ J 
i,k=l i,k=l 

= -dw(^/QS T Gu) 



In the same way, 

T'g = -div(7QT T g 

a.e. in 0. On the other hand, 



n 



HRu = 53 HiRij-^- = 53 H^^fQ) jk R ik -^- = (H,R^Vu). 

i,j=l 3 i,j,k=l ^ 
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Then we can rewrite (|5,3p as follows for a.e. x G f2: 

(5.9) &\v(Q{x)Vu - t/QS t Gu + 7Qr T g) = / - (H, R^/QVu) - Fu. 

To compare this form with (jl.ip and with the structural conditions (|1.3p in case all of p, 7, 5 
are equal to 2, let 



A(x,z,0 = Q(x)£ - y/Q^)Sf r (x)G(x)z + 7Q(xjr T (x)g(x), 
A(x,z,0 = ^Q{x)^-S T (x)G(x)z + f T (x)g(x), 
B(x,z,£) = f(x)-(H(x),R(x)^Q&0-F(x)z. 

Then A(x,z,g) = v / Q(x)A(x, z, f) and ([5Uj) takes the form (|TT]> . By {53}, for a.e x G O and 
every 77 G R n , 

i^i 2 = E (E M * E ( ( E 4) ( E ^ ) = ^i 2 > 
i=i j=i i=i v i=i i=i 7 

and in the same way, 

\S T r]\ 2 < n\r]\ 2 , \f T 7]\ 2 < n|??| 2 . 
Then for a.e. x G Q, and every z G R and £ G R n , 

e-A(x,xf,o = ivWei 2 -(e,\/^s T (x)G(x)z) + (e,v / QRr T Wg(^)) 

> i^oRei 2 - i\/Q(xTeii5 T (x)G(x)z| - \Vo(x)i\\T T (x)%{x)\ 

> \VW)i\ 2 -)\VW)i\ 2 -^\S T {x)G{x)z\ 2 



-\\^Q(x)t\ 2 ~ ±\T T (xUx)\ 2 



1 



> -|A/QMC| 2 -4n|G(x)| 2 |z| 2 -4n|g(x)p 



Moreover, 



|^(x,z,OI 


< 


WQ{x)Z\ + \S T (x)G(x)z\ + |T T (x)g(x)| 




< 


\^Q(x)Z\ + V^\G(x)\\z\ + V^\g(x% 


is(x,z,e)i 


< 


|/(x)| + KH^^CxJVQCxJOI + \F(x)z 




< 


|H(x)||£(x)VQ(x)£| + \F[x)\\z\ + |/(x)| 




< 


v^|H(x)||VQM + |^)lkl + 


Thus the structural conditions 


(H3 


]) hold with p = r y = ip = 5 = 2 and with 



a = 2, d=\F(x)\, <? = 4n|g(x)| 2 , h(x) = 4n|G(x)| 2 
1 j 6 = V^|G(x)|, e = v^|g(x)|, c(x) = v^|H(x)|, / = |/(x)|. 

This completes the proof of Theorem 15.21 □ 

Remark 5.9. By Theorems \5.1\ and \5.SX the linear equation (|5.3[) satisfies the structural assump- 
tions (jl.3p with p = ry = ifj = 5 = 2 not only with respect to Q(x) but also with respect to any 
other symmetric matrix H{x) > such that for a.e. x G f2 and every £ G R", 

~<#(s)e,o < < c(H(x)e,o. 

Proof of Theorem I5.3t Step 1. It is easy to see that if (|1.3p is satisfied, then fjl ,6|) is also 
satisfied with a(x, £) := |.A(x,2, £)| for £ G R n , 2 G R and a.e. x G VL. Indeed, if (|1.3p holds, 
then for every 77, £ G R n , z G R and a.e. x G fi, 



I r/ • A(x,£,£)| = I77 • y/Q(x)A{x, z, £)| < |v / (5(x)r/||A(x,2;,£)| = \y/Q(x)r]\a(x, z, £). 
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Moreover, 

a(x,z,0 = \A(x,z,0\ < a\y/Q(x)Z\ p ~ l + blz^ 1 + e, 

and thus (11.61) holds. 



Step 2. We will now prove that (|1.6|) implies (|1 .3j) . Fix any x G f2 such that (|1 .6j) is satisfied 
for all £, r/ G R n and all z£R. Claim: A(x, z,£) G (kerQ(x)) for £ G R n , z G R. Indeed, define 
.ftT = kerQ(:r) and recall from Lemma [53] that since Q{x) is symmetric and nonnegative, then also 
K = ker^ Q(x). Consider the decomposition R n = K © K 1 - and write A(x, z, = A\ + ^2 with 
A\ £ K and ^2 G X" 1 ". From the first inequality in (|1.6p with r; = At, we get 



|^i| 2 = A l -A l = A l - (At+A 2 ) = A 1 -A(x,z,0 < \^Q(x)A 1 \a(x, z : ^) = 0. 

Hence A(x,z,£) = A2 G -ftT -1- , which proves the claim. 

Now suppose that k : = dimi^ < n and choose an orthogonal matrix O G O(n) such that 



with Qi symmetric, nonnegative and invertible. Then 



Next define 



so that 



NW-cr^f 1 »)o, 

VO(x)N(x) = O t ( '»-* ° ) O, 

i.e., the linear mapping L : R n — )■ R n defined by Lr; = W Q(x)N(x)r] is the canonical projection 
of R n onto K 1 . Since A(x,z,g) G if- 1 , then 



A(x,z,0 = \/Q{x)N(x)A(x, z,£) = s/Q(x)A(x,z,£) 
where A(x, z, £) := N(x)A(x,z,^). Hence 

1^(^,-2,01 = SU P 1(^,^(^,^,0)1 
[1,1=1 

= sup \(rj,N(x)A(x,z,C))\ = sup \(N(x)r],A(x,z,€))\. 
\n\=i \v\=i 



The last term can be estmated by using (|1.6p to obtain 



\{N(x)ti,A(x,z,Z))\ < \yfQ(x)N(x)ri\ a(x,z,£) 



< \^/Q(x)N(x)\\r)\a(x,z,Q = \rj\a(x,z,g). 

Therefore, 



\A(x,z,0\ < a{x,z,C) < a y/Q{x)-£ +b\z[ 1 ~ l + e. 
The proof Theorem 15.31 is now complete. □ 



p-i 
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